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Iocsrwyaemen namami
Jacaymennvix ywumenei Poccuu:

Bopuca Iepmanosuva 3usa
Hocupa Axoarceura Bepebeliyura
Apona Pysumosuva Maiizenuca
Taueuu Hsanoenvt Kypcuu
Baadumupa Jeonudoeuva Havuna

IIpegncaoene

IIpegnaraemMas cepaa KEWUT AfPECOBAHA IIAPOKOMY KPYTY YHAIIHXCA
CpegHEX IOKOJ, KIACCOB M IOKOJ ¢ YIAIYONeHHHIM H3yHYeHHeM
MATEeMATHKH, AGHTYPHEHTOB, CTYAEHTOB NeJArornyecKmMx BY3OB,
yuHTeAeH.

Keury MOMHO HCHOJNb30OBATE KAK CAMOCTOATENbHEE yue(HEIe NO-
co0uA (caMOyuHTeNH), KAK 3AAAYHHKHE N0 NAHHOHA TeMe H KaK
cGOPHNKH JAZAKTAYECKHX MaTepuanop. Kampen kHAra cHab:aceHa
nporpaMMoll 3AeKTHRHOIO KYDCH.

JLIA VIANIHXCH MOM(HO MPEAAOYKHUTE CHeAYVIOIYI0 ¢XeMy paloThi:
OpPOYATAB BCTYIJEHHAE H PACCMOTDEB IPHMEpPHl pelleHHRA, CAMO-

CTOATENBHO DEIIaTh TPEeHHPOBOYHEIE paloTh, 38TEM TOCMOTPETH
pemieHnA M, OCMEICANEB HX, monpoloBaTh PEINUTE NPOBEPOYHEIE
paboTH, NPOBEPAA HX pEIeHHA N0 KHATE H T.A.

Kaurn noaHoCTEI0 DOAX0ZAT AAA CAMOCTOATEABHOO OBIAACHAH TOM
unA uAEOH TeMOH M PACCYHTAHK HA TOCJAEAOBATEINbHOE OGyueHHUe
OT HAYAJBHOrO YPOBHA A0 YDPOBHA, HeoOXoguMoro aHTYpHeHTAM.

And yapTreaeil 3TH KHATH OpPEAOCTABAAIOT MIMPOKHHA BHG0OD NpAEMOB
A MeTOmOB paboTh

P10 MOryT GHITH 33 JAHUSA YUAIMWUMCA AJH CAMOCTOATELHOH paboTn
¢ HOCAEAYIOIMINM KOHTPOJIEM YYNTEIH.

BozMoXHO HCOOAB3ICBAHME KHHMIM KAK 3aJAYHMKA OAA paboTm
B KJIacce M JUIA TOMAINHAX 3a0aHAHA.

ITH nocobHA HAealbHO MOAXCOAT B KAYECTBe MATEpHANA A
TMOBTCPEHHNA NApaNjeJIbHO H3YUEHHIO ADYTUX TEM B OIKOJE.

TTogGop MAaTepmana NOJBOJMAET CYIDECTBEHEHO AHGPepEeHOHDOBATH
¥PpoBeHE TpebopaHM# K yHaOIMMCH NPH IPOBEAECIINN KOHTPOILHBIX
H 3aueTHEIX pa6or,

¥poBeus caokHOCTH B o0beM MATEpHANA B KHMrax cepuu, Gesy-
CIIOBHOC, H30LITOYEH, H YYUTENb AOJMKEH CAM BHOHPATH CIOXHOCTE
1 00'beEM MATEPHAJIA B COOTBETCTBHH C BOSMOM(HOCTEMH YUYAITHXCH
U 3ajaUaMH, CTOAINMH Nepell HUMH.

A, X, HIaxwmeticTep



IIporpamma 3aeKTHBHOTO Kypca Ang yuamuxca 9-11 knaccor
(25 ypoxkos).

N N
YDOKOB

HazpaaHe TeMRI
B crofKkax YKasaHnh HOMEpa 3aaaHmil

1-3

Harypansusie, DeJMe H DAIHOHAALERE YHCAA.
Heprogmueckne apobur {cTp. 7—18)

Hppannomansanie aacra (crp. 19—22)

ARCHOMATHEA KOMIIEKCHAMX uncen {cTp. 23—28)

JelicToEA HAX MHOECCTEOM KOMIJAOKCHEIX WACET
(aareGpamiecxas jopma) (crp. 29—33)
IIpaktaxkym 1 (1, 2)

Mogyns RomnaexcHEOre YEcas. Kommrexcusie
CONpAXORERO wHucaa (cTp. 34—41]1)
IlpagTarym 2 (1, 2,8,5, 7)

11-13

TeoMeTpHYECKAN RETEPNPETANNA KOMILICKCHEIX THCON
{cTp. 42—48)
IIpakTaryn 8 (1-4)

14-16

TpuromoMeTrpHIocKan $opMa KOMIIEKCHOTO THCAA
(cTp. 47—-63)

IIpaxT™axym 4 (1.1, 2, 3.3; 4.1-4.5)

Ipaxruxym 5 (1, 3, 4, 6, 9, 10)

Tpeauposounaa palora 3 (8, 9, 10)

17-19

HinneueEme KODHA M3 KOMILIeKcHOro amcaa (crp. 69—'79)
IlpaxTuxym 6 (2,3, 6, 7, 10)

20-22

AnrefpanvecKie YPABHeHHS HA MHOMECTEe KOMIJIeKCHEIX
anmcea (crp. 80—87)

Tpenuporousaa padora 4 (1 sapnanr — 1.2, 2, 3.3, 3.5,
3.6)

23-25

Pemenne PARITAYHEIX 38789 IO TeMe CEDMI[JIEMIHB
aneaas (erp. 94—114)

IIpagkmarym 8 (1, 2,5, 7,10, 13)

IIpartTuxym™ ¢ (2,4, 6,8,9,10)

Tpenuposounaa pabora 6 (1 BapmamT — 1.1, 1.2, 1,3)
Tpeauposounan pabora 6 (2 sapuanr — 1, 3,5, 7, 8)

IIporpamma paspafoTala Mo MaTepHaNaM KHUTH B anpobHpoBaHa
HA NPaKTHKe 3acayxeHanM yunuregem PD E. B. JIlnpmuuemM.




BcTtynneHue

OpHuM 13 OCHOBHMLIX THOHATHE B MATEMATHKE ABIACTCA MOHATHE HHCIA.
Cuauana, B npoLecce CHeTa MPEOMETOB, CIOMKUMIOCH TOHATHE HATYPAJBHO-
TO 4HCNA; 9TO NIOHATHE ABNSETCA OTPAMKEHHEM B COSHAHHH 4Ye/JOBEKa KO-
JIMYECTBEHHOH CTOPOHBI KOHeYHWX coberrmii {Muoxect, npeameros). Ho
yxe OpocTefiiie 3ampockl OPAKTHKH, CBA3AHHEIE ¢ H3IMEPCHHEM, TPHUBE-
JI K DPACIIUDPEHHI) TOHATHS 4ucina. VIMEHHO NOA BIMSHHEM 5THX 3anpo-
COB NOCTENEHHO CIOYKAJIOCH NMOHATHE NPOGHOre (PALMOHANEHOIO IIOAGKH-
TeJ'leOl'D) YHACA, 4 3ATEM YXe BeChMa CJIOKHO H JDAMATHYHO IOHATHE
HPPAUHOHATLHOTO YHCIIA, KOTODOE OKOHYATENBHO BRIKPHCTAIN30BbIBALCTCH
TOIEKO BO Bropofl nososnse XIX Bexa B paGorax Beitepinrpacca n llene-
knaga. Heckoneko unate GopMEPOBATIOCH DOHATHE OTPHIIATEILHOTO THC/IS.
Ono noABHNOCHL MO, BIMAHHEM BHYTpeHHHMX noTpebHOCcTel camoll MaTema-
THKH, B CBA3Y ¢ HEOGXOAMMOCTLIO CHEGNATL Pa3pEIIHMLEIME YPABHCHHS BH-
Ja a+x=>b, naxe upn a>b. lleppre ynomMaHaHus of OTPHIATEBHKIX
uuenax U gelCTBHAX HAJ HUMH BCTPEYAmTCH B PAHOTAX KMTANCKEX MaTe-
matukob III B. g0 H.3. n EEOMitckrx MaTemaTHkoe B VII Bexe H. 9., UM ke
MPHHALTICIKHT OOIIEH3BECTHOE TeNeph HCTOJIKOBAHNE OTPHLATEALHEIX Y IO~
JIOKHTEIHHBIX 9ACE] KAK apudMeTHUYecKoe ofpasoBaHue IPOTHEOION0KHO
HANPABJEHHLIX BEMUYUH (NepeMEIeHRe BAOML NPAMOY B O(HOM ¥ IPOTHRO-
TIONIGYKHOM HATIPDABJeHMH, NpuOsUm u yOrITKa). MeHHO 3TO HCTONKOBAHKE
0cobDEeHHO ConelCTBOBAIO TOMY, 9TOOBI HOROE IIOHATHE OTPHLATEALHOTC YHC-
J18, CTBJIO PABHONPABHLIM € MOHATHEM MOJOXKATEIEHOTO YMCIA.

JaTs onpeiesieHne HATYPAIBHOIO, 00, PALMOHANLHOIO YUC/Ia HCIh-
3. MOXXHO TOABKO JATE OLPEAENeHAe MHOYKECTES BCEX HATYPAJBHEIX, Le-
JIBIX, PAIMOHSJIBHBIN YUCE] C ONPEeAeIeHHBMH HA HUX JeRCTBHAMHA H YKA3A-
HReM BX cBoicTs. [lepBeiM TOYHOE HaYYHOE ONDEIECNCHEE ¢ HCOIB30BAHNEM
AKCHOMATUKM 7 MHO)KECTBA HATYPANbHBIX uncesa nan Ileano. Heekonnko
MO3e MBI €10 PACCMOTDHM.



AdencrTeurtesbHble
yucna

BBenenue

Onpenenenne 1. Jeficmouesm Ha MHOKecTBe M HasbIBaeTcd 38KOH CO-
MOCTABJIEHHS ABYM SJIEMEHTAM ¢ ¥ b, IpHHASEKANEM MHOXKecTBY M,
JIEMEHTR. C.

Onpenenenne 2. [lelicTBHE HAIBIBACTCSH 3GMEHYINbIM, ECITH JEMEHTH] & ,
4 M ¢ DPHHAIIEKAT OJHOMY M TOMY K€ MHOMKECTEY.

Cproiictea geiicreiit

at+b=b+a

— cBOHCTBO KOMMYTATHBHOCTH;
a-b=b-a

1)

(a+b)+c=a+(b+¢)

2) (a-b)-c=a-(b-¢)

— CBOHCTBO aCCOLMATHBHOCTH;

3) (e+b)c=a-c+b-c — caoficreo gucrpubyTHBHOCTH.



Baedenue 7

IlpuMeuanus

1.

CBoHCTEO KOMMYTATHBHOCTH AEHCTEHY HE CTONL TPABHANBLHO, KAK MO~
XeT MoKa3aTheA. PacemoTpuM cnenyiouyit npumep.

Mycers anb=¢, roe 0 — KBAIPATHK — 0003HAYAET KAKOe-TO JelCTEHe,
T.€. 33KOH COLOCTABJIEHHS JBYM 3JIEMEHTAM MHOKecTBa M siemenTta
U3 MHOXKecTBa M , echu AeficTBHe 3aMKHYTO.

Topoxm anb=5a. Torna boa=a?b, snauwr, anb# bnoa (Tak kak
a’b # b%a), T.e. CBONCTBO KOMMYTATHBHOCTH A7A TAKOrO JeficTBUs He
BHITONHACTCS.

PaccmoTpuM npuMep HeficTBHA, He OBIAJAIOMEre CBOACTBOM ACCOIHA-
THBEHOCTH.

Tycrs aob= 232 e o — kpyxouex — anak nexoToporo zeficTous.
Torna
a+b+c
(aob)oczﬂ';bo‘::__z_r:a_-l_-_%_tﬂ_c;
b+c
a1
ao(boc)=aob;c= 22 =2a+4b+c'
CrnenopiTenbHO
(aob)oc#ao(bor),

T. ¢, CBOHCTEO ACCOIMATABHOCTHE JJIA TAKOrO JeBCTBHA He BhIIGJIHACTCH.

PaccMoTpam npamMep napu geitcrsafl, re obnagaomux cBoicTBOM JHC-

TpROYTHBHOCTH.

Hycte aAb=ab, aob= ETH,TOI‘,ZL&

at+b ate_a®tabtactbe,
2 2 4 ’

ao(bAc)=a0bc=%,

(aob)Afacc)=

BHAMHT,
(acb)Aac#ao(bac),

TaK K&K B Oﬁl.l.l',f',‘M ciyqac

at+be_ actbetabta®
2 7 4 !

T. e. cBoficTBO AHCTPREYTABHOCTA J/1A TRKHX AeCTBUN He BLIIONHASTCH.
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Aeficmaumenvine wucaa

HarypaabHbie YHCIIa

PacemorpumM mME®GKeCTBO RATYpansabx ween N={1;2;3;4;...} ¢ onpeae-
JIEHHBIMH HA HeM OeHCTBHAMU CAOKEHHA M YMHOMKEHHA,

1.

2.

JeficTBUsA clOXKeHNA H YMHOXeHHA Ha N saMkEyTHL

JlelicTBUg BHIYUTBHESA H AejeHEHA H8 N ompenenend He BCETHa, T. €. HE
3JAMKHYTHI.

MpuMeps: soipaxkenze (3—7) ma N me onpeneneno; esipaxcenne
(5:7) ra N ne onpeneneno.

Onpeaeneane 3. DNeMeHT @y HASBIBACTCH MUHUMEALHBM DITCMEH-
TOM MHOXKECTBa M, , ecom ma moforo a € M, BeInOsMHEHO gy  @.

Onpenenende 4. DNEMEHT ¢ HA3BIBACTCH MOKCUMILGHAM HIEMEH-
TOM MHOXECTEBS HATYpadbHmX umcen M, ecam gma mwboro a € M,
BHINOJIHEHO G 2 @ .

OTmeTnM, ITO HA MHOJKECTBE BCEX HATYPANbHHX uucel N ecTe MUHH-
MAJIBHEI JIEMEHT: 3TO @y = 1.

OrmMeTnM TAKKE, 9T0 JHO00E NOIMHOKECTBO MAOKECTBA N mmeer mMu-
HUMAJIBHBIR 3JIEMEHT.

Dpumep. Iyers A={3;5;86;8;10}; ap=3 ecTh MEHHMAILHEL 3J16-
MEHT A; B JAHHOM (JIy9a€ EMEETCH X MAKCHMAJIBHEIN JIEMEHT — 3TO
ap=10.

Onpepenenune 5. Dnement En MHoxecTsa M HasbiBaerca npacod
eduruuett, ecnn g aoboro a € M srnoaneno a- EFp=a.
Onpeaenenne 6. Diement En MmHOKecTBa M Ha3hBaeTcs aesol
edunyyets, ecna gys modoro ¢ € M sunoymeno En-a=a.

Tak xax geficreue ymHoxKenna Ha N kommyrarueso, 10 En=En=F,
mpuuem E=1.

IIpeMegarnue. Jina MHONECTE C OOPEIENEHHBIM HA, HUX HEKOMMYTS-
THBHEIM AEHCTBHEM YMHOXKEHHA, BOSMOXKHO, Ep # En , HO ?TOT Cnyyad
PACCMATPHBAETCH YK€ B Kypoe TeOPHH duCea K pricmelt anrebpsr. Hno-
raa F Ha3HBalOT MyALTAINMEATHBHON emMHAOEH, TAK KAK CBOWCTBO
EIOMHUILEL B NEHHOM C/Iy4Yae CBS2aHO ¢ AeiCTBUeM YMHOMKEHHS.

Croifcro amckpernocra. Mex(ry J0GBIMH IBYMS HATYDAJBHBIMH
9ACAAMH HAXOAUTCA KOHETHOE YHCIO HATYDAILHBIX YHCe.

HHpumep. Mexay b m 12 Haxonurea 6 HATYpaJIEHBEIX YACET, 8 HMEH-
no 6;7:8;9;10;11.

IMpumeganme. Mexny /mobeMu pEAOM CTOSAIMAMH HATYDANEHEIMHA
9ACAAMH HENB3S PACIIOJIOKATE HE OJHOTO HATYPAJLHOTO 9UC/IE,



Hamypasvhoe Sucac 9

AXCHOMHI HATypaJbLHLIX dncesnt!

TiepBoe AXCHOMATHYECKOE ONPEALNCHARS MEKECTEA HATY PATTBHBIX THCE A~
HO HTANhAHCKAM MaTemaTukom Jxysenne [leano (1858-1932).

HaTypanbHBIMH 9HCIAMH HASHIBAIOTCA SJIEMEHTH HEKQOTOPOIO MHOMKE-
crea N, ecam 414 Hero BHINOAHAIOTCA CIGAYIOLIHE AKCHOMLL.

Ha muoxkectse N onpezngneno fpeficrsue ciiojkeHEe, NPECTABSIOUICE
HNPABRIO, [0 KOTOPOMY KaxJjolt mape gmcen a,b€ N conocrasnaeTca
yucac ¢ €N, n c0ozHavaeTCa 3TO TaK: @ + b= ¢, MpHYeM BRINOIHAKTCA
AKCHOMBI

Ay a+b=b+a, a,b €N — cBoficTBO KOMMYTATHEHOCTR;
A (a+bd+ec=a+ (b+¢), a,b,c €N — cBoiicTBO 8CCONAATHEHOCTH.

He maoxecTre N onperiesieHO OTHOImIEERE CPABHEHHMA YHCES IO BeNd-
YNHe, NPEICTABNAILIIECE coDON MPABKUIO, KOTOPOE BLIOENAET HEKOTOPHE
napel yrcen {a;b), npuduem mumyT a < b B ropopsT, 4TO 6 MeHbHIE b,
TIpy 3TOM BLIMOMHAIOTCA CIEAYIOMINE CBOCTRA (AKCHOMBL).

By Csoiictso nuneitHocT: 1n1a moboro a,b € N peerna primonHseTcs
TONBKO Of[HA I3 TPEX BOIMOMXKHOCTe: aubo a < b, iubo a= b, nnbo
b<a.

B, CroficTBO NOMORUTEILHOCTH: @ < b MMEET MECTO TOMLKO TOTAA, KO~
rma a+z=050, zeN.

B; Croitcteo MuanMansHocTH. B mioboM He myctoM M C N malinerca
8 € M, Takoit, yTo A8 moGoro z € M OymeT BENOJHATBCA CO-
OTHOINEHAE aéz, rAge a4 HA3HBAETCH MHHBAMANBHBIM 3JEeMEHTOM
MHOxkecTBa M . MuunMmanbnHBl saeMenT MHOKecTBa N Ha3LIBaeT-
ca edunuyed m obosnavyaerca 1.

Ha muoxecrse N onpeaeneHo feffcTeie YMHOXERHS, NPECTABIMIOLCS
coboli mpaBuie, KoTopoe Kaxaod nape a,b € N conmocrasnser c=a-b,
NpA 3TOM BRIIOAESIIOTCA CBO#CTBA (AKCHOMET).

Cia-l=a, a€N;
C; a-b=b-a, a,b € N — cBoicTBO KOMMYTATHBHOCTH;
Cs (a-b).-c=a-(b-¢), a,b,c €N — cpolicTBO acconMATHBHOCTH.

@ Csoticrso (axcuoma), CONANSIOMEe TefiCTEUS CI0KEHNs H YMHOMEHHS;
(& + b)e = ac + bc — cpolicTro AUCTpUOYTHBHOCTH.

Ipe neprom areamn moxker GLITH NPOIYLIEHO.



10 Heficmaumessrnue wucag

MoKHO AOKASATH CNEAYIOIAE CISACTEHA U3 ONPeRIIeHAT HATY PATBHBIX
YHCEMd.
Caneacrpue 1. CbolcTBO COKPATHMOCTH CAOMKCHHA.

Hna mobprx a,b,c€N,ecmn a+ec=b+e, 70 a=b.
Cnencreue 2. CBoiicTBO COKPATHMOCTH YMHOMKEHHSL

Hoa moberx a,b,c €N, ecrm ac=be, T0 a=bh.
Onpenenenne. Ecm a+ z=25, To z Ha3blpaeTcd pa3nocmovio GHcen a
u b u zanucniBaeTcH

z=b—a.
MMpusmeganue I[lo B; 3T0 BO3MOXKHO TONBKO npH ¢ < b. Helictsue no
HOAXOKICHHIO 2, 10 ¢ H b Ha3niBaeTcH deficmetuem ebiuuMaHtA.
Caencreue 3. Ecnu nelicTEHe BHIMATAHHA BO3MOXKHO, TO OHO OIHOBHAMHO.
Cneacreue 4. CpolicTBo ZUCTPUOYTHBHOCTH ANS PASHOCTH!

(b—a)e=bc— ac.

Onpepenenne. Ecma ax =5 mua a,x, b €N, To £ HasmBaeTCA wacmusium
om deaenus b Ha @ M 3ANNUCHEBAETCH
b

r=-.
a

Crneacreie 5. B muoxecTBe N seticTBHe fefieHys BRIIOIHAETCA HE BCE-
raa. JelcTBrTennno % ¢ N,ecnu a# 1.
Caeacreue 6. FEcau geneHne BO3MOXHO, TO OHO OIHO3HAYHO.

CeoiicTBa CpaBHCHHA YHCEJ]I 10 BEJIMYINIIE

Cnepcreue 7. Ceoficreo TpamsutusrocTd. B a<b v b<e,T0 ¢ <
ans a,b,ceN.
Cnencreue 8. Csoificreo crabwreHoctd. Eam a < b, To
at+c<b+tc
ac < be
Beenem obosnagenms.

1+1=2, mo B; 1<2
24+1=3, mo B; 2<3;
3+1=4, no B; 3<4.

g a,b,ceN, rne ¢ — nroGoe 3 N.

TaknM criocoboM DOy MM DENOUKY HATYPAMbHBIX 9ace]. MoxKHO 10Ka3aTh,
YTO B 3TOH LENOUKE COIEPHKATCA BCe HATYPANBLHBIE YHCAA.



Hervie wucaa 11

ILlenpie uncaa

B cBaA3n ¢ HeobxomMMOCTEIC OalbHeMINere paclIMpeHns KAacca YHces H3-3a
noTpe0HOCTH ONMHCHIBATH JIOJTOBBIE OTHOINEHAs NMPH TOPrORJIE M pelarhb
YpaBHEHud BEAA a+ =250 npu 4 > b ® T. 4. GbINE BREIEHEI OTPHIATEILHEIE
HaTypaiseie aucna N-={...—n;...;-4; —3; -2; -1}, a satem Ny=1{0},
T. ¢. wucno 0. Ho npomzonine 3o He panee VII Beka, a b esponefickyio HayKy
H npaxTHKy Bonurg Tomeko B XII-X1V eekax. Tak nocrenenno chopmupo-
BAJIOCH [OHATHE LEA0T0 TACTA

Z=NUN-UN;={...-n;...;-3;,-2;-1;0;1;2;3; ._.n;... }.

Pasymeercs, npe paciiapeHHR KAacca quce maeobxonamo OO coxpa-
HUTb OCHOBHBIE CBOMCTBA (aKCHOMBI) AeHCTBUI, ONpeIeneHHEIX Ha MHOMe-
CTBe BCEX HATYPANLHLIX YHCEN:

a+b=b+ta
1
) a-b=b-a

— cBOBCTBO KOMMYTATHBEHOCTH,

(a+b)+ec=a+(b+¢)
(a-b)-c=a-(b-¢)

3) (a+bde=a e+ b-c — crolicrBo AMCTPHGYTHEHOCTH.

2) — CBONCTBO aCCOLEATABHOCTH;

Ha mHOKecTBe Z neficTBHe BRIYMTAHHMSA Kak 00paTHOe JNelcTEMIO Clo-
YKEHHS 3AMKHYTO, T.€. BCEIMIa ONDPEAENEH(; TAKKE PA3PEIIHMbI YPABHEHUS
BHaa ¢+ £ =b, maxe npu a > b.

B VII peke unaguicknt maTeMaTHk Bpaxmarynra akTHBHO HCNONMB3IYET
TIOHATHE OTPULUATENILHOrO YUCAA H ¥iKe HONHOCTHIO BAajeeT TeopHel pemre-
HAT ypaBHeHHI 11epBoif U BTOpPOH CTENeHH ¢ OJHHM HEHIBECTHBIM.

IIpuMepn.

a) 5—-7=-2€Z;

6) 642=3;2z=3-6;,z=-3¢cZ;

B) 5—z=T7;8=x+7;5-T=z; x=-2€Z.

Briepesie Takol cnocod penienus ypaBHeHHA OMMCAH B TPYJE BEIHKOIO
xopeaMckoro MatemaTika Myxammena n6a Mycerl (oxono 780-850 rr. m.3.)
B TpakTaTe <KHHra BOCCTAHOBIEHAS H NPOTHBONOCTABJIEHMSA». «BoccTa-
HOBIeHEEM» Myxammes, Ha3HIBAET NMePEHOC BHIYHTAEMOTO H3 ONHON JacTH
YDABHEHHS B ADYTYIO, A€ OHO CTAROBHTCA cjIAraeMuIM. «IIpoTHRONOCTARIE-
HHEM» OH HA3BIBAET cOOMPAHME HEM3BECTHHRIX II0 OOHY CTODOHY M H3BECTHHIX
no IpYryio cTOpoHy paBeHcTBa. <«BoccraHopieHHe» no-apabcKu DpOH3RO-
cuTes <an-mxebpar. OTciofs, CKopee BCero, NpOEs0NUIe CI0BO arebpa.
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Hellcmeumendunie Nucaa

Onpenencnnae. Yucno (—a) HASHIBAETCA NPOMUBGRAAONCHUIM YHCTY &,
ecau a + (—a) =0.

1)

2)

OrserEM pap MIOGONBITHEIX CBORCTE HYIIH.

Yucno 0 obnagaer ceoficTroM npaBolt @ MeBON eHIILI OTHOCHTEIBHO
cnoxenus, T.e. a+0=0+a=a {0 HHOLZA HAIHMBAIOT AIJHTHBHEON
emMHHLEH).

Ho yucno O offigagaeT enle OJHAM YHUKAILHBIM CBONCTBOM YK€ OTHO-
CHTENBHO YMHOXeHMA: 0-a=a-0=0 ana moboro ¢ € £.

IloneeneM HEKOTOPEIE HTOTH.
Kakue >xe cBOfCTBA HATYDANBHEIX YHCEA NPH DACLIHPEHHH OO IEJNBIX

YHCEN COXPAHHINCE, & KoKHe DBUIH YTpadeHE?

CoxpaHHAHKCH CBolicTBa JeltcTBHI:

3)
n)

KOMMYTATHBHOCTE CJIOMKEHHA B YMHBOXKEeHMS,;
ACCOLMATHEHOCTD CICXKEHUS H YMHOXKEHHS;

ABCTPHOYTHBHOCTE, CBISHBAIOINAS JeCTBAN CAOMKEHHA 0 YMHOMKEHH,;
HanMu#e eQUHMUE (MYJABTHINIMKGTHRHON), T.€. a-1l=1.-a=ga;
3aMKHYTOCTb AeHCTBHA YMHOMKEHHA H CJIOMEeHH,

CBOItCTBa AUCKDETHOCTH.

JlelicTBUTEIEHO, MEXKAY JIOGBIME JBYMSA IEJbIMH HAXOAWTCH KOHETHOE
qHCHO Ienhix yucen. Mexay —5 m 4 pacmonoxens! 8 neymix micen
—4;—3;-2;-1;0;1;2;3;

B JI000M KOHEYHOM TMOJMHOMECTBE MHOMKECTBA BCEX LEBIX 9HCE eCTh
MHHHMMAJILHEIHE 1 MAKCHMANbHBIA 3JeMeHT.

IOycre A= {-6;-5;-4;1;3;2;7}, Torma

g = —6 — MIHMMAJIbLHBIN 3IMEMEHT,

a} =7 — MAKCHMAJLHBIN 3MEeMEHT;

E =1 sApasercd M Ha MHOMKECTBE LEBIX YHCEN MYJILTHINHKETHBHOLL
eaUHUIIEN;

JeNeHle TAKXKE BOIMOMKHO HE BCETIa, T. €. HE3AMKHYTO.

Hoe s M geigercs:

a)
6)

5)

BOZMOMKHOCTD PElIeHUA ypaBHeHul Buas a+ =4 ase npu a> b (aehi-
CTBHE BLIYHTAHEA 3AMKHYTO);

HaJHYKe aEIUTHBHON eQHHULL, KoTopolt sensercea 0 (Hons), T. €.
O+a=a+0=a;

annareenad emoomg 0 (mons) Taxke obaanger cBoiicTBOM yHMEep-
CcanbHOTO nornouenud, T.e. 0-a=a-0=0.

IMMoTepand MUHUMANBHBOI 3JEMEHT BCEro MHOXECTBAa. Ha MHMKECTBE
BCEX LENBIX YHCET HET MUHUMANBHOIO 3JIEMEHTA BCETO MHOMKECTBA.
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PanmonaJjibHEIe 4uCIIa

B cBA3K ¢ He0OXOAHMOCTRIO PEIIATE 38 084H JEICHHA HA YaCTH, B3UMATH Ha-
JIOTH, OONTOBHE 00A38TeNbCTRA K T. 1. HEe0OX0AHMO GbINIO PACIIHPHTE KIace
nensix unces. Tak mocrenenno copMAPORANOCH MORATHE ApobHoro (panmo-
HamsHoro) wmcna?. Koryia Buepenie noSBAIOCE DOHSATHE Zpohu — HEM3IBECT-
Ho. Ho apxeomormueckHe pacKONKHM JOKAZHBAIOT, YTO OPeBHHE ETHIITAHE,
KHTAIMIE], XOpesMuiini 38 MHOIO BEKQB A0 NDEBHHX I'PEKOB OhLIN SHAKOMH
¢ ApOOHEIME 4HCIaMH H YMeNM BHIONHATHL npocTefiine apudMeTHISCKHE
AeficTBud Han HHMH.

Onpenenenne. PayuoHaasHuMu YHCAGMY HASOBEM MHOXKECTBO YHCEN
BHAR T, TAS geN u peZ, Q:{% |geN = pGZ}, JJIfl KOTOPHIX
BBRIIOJIHAIOTCS OCHOBHBIE CBOHCTBA (AKCAOMEI) AeficTBHiL

PacemorpuM ApobHEE, HWIH DSIMOHAJNLHEE YUCTA.
OueHpb BAXKHO COXPAHEHHE OCHOBHBIX CBONCTE LJIHX YMCEI, T. &. CBONCTE
Jeficreull Han HUMH:
a+b=b+a
1)
a-b=b-a
2 (e+B)Y+c=a+(b+c)
(a-b)-c=a-(b-¢)
3) (e+ble=a-c+b-c — crolicrso ucTpuby TABHOCTH.

— cBOlcTBO KOMMYTATHBHOCTH,

— cBOMCTBO ACCOIHATHBHOCTH;

Breenenre pANAOHANBHBIX YHCEN O3HAMANO, 9T0 AeHCTBAE ACNEHHs A
JM0OBIX YHCEN Ha N060e YHCI0, He PaBHOE HYW, ONpeaeieHo, T. €. qelicTEHe
JeNeHis 3aMKHYTO. B paMKax MHOIKECTBA PAIMOHAJILHBIX JHCEJ CTaJIH Off-
HOJHAYHO PaspemMMEMu ypasHeHuds Bga ez =b (a#0).

Kakue e croftcTBa IEAHX YHCEN OPH DACIIUPEHHH J0 DALUHOHANBHBIX
COXPAHUINCE, & KaKue e Obiin yTpayeHs?

CoxpaHuaKCch cienyomye cBoNCTEA JehcTBHIL:

4) KOMMYTATMBHOCTEL CJIOKEHHS H YMHOXKEHNA;

6) ACCOUMATHBHOCTD CJIOMEHHS H YMHOMEHHS,;

B} AuCcTPEGYTHBHOCTD, CBASHIBAIOMAS AefiCTBUS CCXKEHHAS] H YMHOKEHHAS;
r) 38MKHYTOCTE HeHCTBRA BEMUTAHWS;

J) HANUYHE AAHMOH My BTHILTHKATHBHON), T.e. 1 - s=51= E ;

=)

e) HadHIHe eNWHAIL (AJAMTUBHON), MHAYE NOBODA HYJI, T. €.

g g g

QPG?.{‘BD NO-HTANBAHCKH SHAYMT DMHOtUEHLE.
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IIpuobpenn 3aMKHYTOCTh HeHCTBUS OEMEHHMA HA YHCNS, HEPABHHE
HYJAK: B TOM YH(JIE BOIMOXKHOCTE ONHO3HAYHO PEINATH YPABHEHHA BHIS
az=5b (a#0).

IHHoTeps NH AUCKPETHOCTE.

1.

MoxHO J0KA3aTh, YTO MEXKAY JMOOEME JBYMS DAIMGHANBHBIME THC/IA-
MH MOXKHO PaCilONIOKHTE GECKOHEYHOe MHOMXKECTBO PALHOHBJILHEIX HH-
cell.

HeftleTBUTENLHO, IYCTh G = I.;_: H b= :’—é {a<b),re a,beQ. Torma
OIOAHM a1=#

PaccuorpeM a; — a= Lb —a= ;a >0, Te a,>6 (b_—'Jl GQ).
Hanee paccMoTpum b—a1=b—aT+b b-ea a >0, e b>ay, TOrma
a<a <b.

Janee monoxumM a; = izal (MoxH0 610 GBI IONOXKHKTE g = a"; b )
Tor,naal—a2=a1—a'2“'=“12_a>0,'r.e. a; > ap (a1 = eQ);
Gr— 0= HTM —-a= % >0, T.e a:>a,3HAYNT, g < ag <a <b.

Ipougce 3TOT MOKHED TPOIQIKATE A0 OeckoHedHOCTH. Tlomymm

B SOy Oy € ... <Gy <Oy <D ( 2“"‘ GQ)
T. @, DOJIY4HM GECKOHEHHOE MHOXKECTBO DANUOHRJIBHBIX WHCEN, KOTODbIE
MOXKHO DACTIOJIOXUTE MEXAY NPOHIBOJLHBIMH DANHGHANLHEIMH HC-
mamvu {Bonee CTPOTOE AOKAISTENLCTBO TPEOYET 3HAHUS M IPHMEHEHHA
METORA MaTEeMATHYECKOH HHAYKIMH).
He B ka)KZOM NOOMHOMECTBE MHOXECTBA PAIMOHANBHEIX YHCEN eCTh
MUHMMAJIBHEI MIIM MAOKCHMAJILHBIA 3JIEMEHT.

3anaua. Halinure MakcuManbHbIll WM MUHAMAJILHEL! 3J/IEMEHT, HAXO-
Jampiicd MexAy YnciaMu 2 @ 5.

¥YBH, Takux Her. Ecam 66 paccMATPHBAIM 3a1ady Ha MHOoKecTse N,
T0 3 GBlI0 GHl MHHHMANBHBIM 3JIEMEHTOM, 8 4 — MAKCHMAJIHBIM, HO
Ho. MHOKecTBe {J 3T0 HEBOBMOMKHO, TBK K&K MHHMMAJBHEIH 376MEHT
JOmKEH ObT OB CKOJMIBKO YromHO 6/IE3K0 PACHOONArATECA K 9HCIy 2,
4 MaKCHMAJNBHBIH K uHeay 5. Ho B cuny noTepH SMCKPETHOCTH, Aa-

e MoJIarad, YTo Gp eCTh MHHMMANLHLIN snement (ao > 2), noMywmM,
2+ g0 Gonee 61
0 =5 <ag, T.e. ootk o, eme Boaee GausKo pacmoOKerHOE
K gncay 2. 3maunt, 2 < +a" < @y . AHRJIOTMYHO, TIO/IArAS, YTO G} —
+ap

5
Mammaamnmﬁ BJIEMEHT (aD < 5), moay4EsM, 910 — > Gg , FHAYMUT,
2

!

ag < < 5 4TO N TpPeBOBAJIOCH AOKA3ATD.
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3. BecbMa moboneiTHO enle oaHo obinee cBONCTEO MHOMECTBaA BeeX HATY-
PANBHBIX YHCENl H, CKAYKEM, MHOXKECTBS BCEX MOJOKHTENLHHIX PAnHo-
HAJBHEIX qicel. (OKa3biBaeTcs, B H3BECTHOM CMEICHE, KOIHMYECTBO SJe-
MeHTOB (4HCeN)} B STHX MHOMKECTBAX OITHO M TO JKe, XoTH ¥ BeckoHegHoe.
JefcTENTENLHO, TPEACTABETE, YTO BAM HAJO NEPECYHTAThL KOJIMUECTBO
BamoK, u Gy TELIOK Ha CKIaAE, IPHYeM ¥ BAC €CTh H3BECTHOE KOIHYECTBO
OpOHYMEDOBAHHEIX KpEOneK. HcHo, 4To IT06L COCTHTATE BIBECTHOE KO-
au4ecTBO 6AHOK M BYTHUIOK U NPH STGM HEe OMAGHTHLCH JOCTATOYHO HA
Ka2ay1o Gy THINKY M GalKy HafeTh KPHIIKY, T. €. YCTAHOBUTE OAHO3HAY-
HOE COOTBETCTBHE Mexcny HuMu. s AOKA3ATeNLCTES YTBEPKICHAN MBI
OOCTYIHM OpPHMEPHO Tak ke, BrmaireM B 0QHY CTPOYKY TONOKHTEIB-
Hble PAHOHAJIBHEIE YHCIA CO 3HAMEHATENEM 1, 38TeM B caeaylowyio
CTPOYKY BCe DAIHOHAJIBHBIE YHCIA CO 3HAMeHaTeneM 2 U T. A,

B naBEHOM cy4ae YCTAHOBHTh QOHOZHAYHOE COOTBETCTBHE
MEANY MHOECTBOM BCEX HATYPAJBHBIX YHCS H MHOMKECTBOM BLEX IO~
JIOKHATEIBHEIX PAIEOHAJILHEIX YHCe 5TO ZHAYHT A8 Tb BATOPHTM,
10 KOTOPOMY MH GyZieM DOC/eI0BATENEHO HYMEPOBATE BCE [IOJIONCHTEb-
HBIE PAIMOHANBHEE YHCIA. AJITOPHTM 38/18€TCH PeOMETPHYECKH CTPEN-
Kame. (9eBHARO, YTC TaKUM 06pazoM mob0e MONOMKHMTELHOE PaLHO-
HAJILHOE YHCII0 % nomysur ceoft nomep. Hanpumep, 5 naxoaurca
non HoMepoM 17. Ha camom Jese ecTh TOMBKO GNHO3HAYHOC COOTBET-

CTBHE, HO HE B3aHMHO OOHORHBYHOE COOTBETCTBHE, TAK Kak 1 3To K %;
3 i1}
3,...,1—0,...111,[[.
1 2 3 14
ARanoru4so g TOH 3, M g g5,

Takam 06pa3oM, HECMOTPS Ha YYAOBHITHY ) H30LI TOUHOCTE, MOMKHO, KAK
BBIACHHNOCDH, 3aHYMEPOBATE BCE TIOJIOXKHTE/ILHEE DalMOHAMBHEIE HHC-
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na (370 BechbMa MIOBONBITHEE ANMGPUTM I HAYMHAIONIMX TIPOIDaM-
muctoB). Teopema 3ta nocut umsa [. Kanropa — ocHoeaTens TeopHn
MHOMKECTB, BIIEpBhie C(hbOPMY/HMPOBABILETND T YTEEPXKASHAE M IPEIJIO-
YKHBIIET0 METOJ, €r0 JOKA3ATENLCTBA.

Euie 5 qpepHeerunerckoM nanupyce Palinna, nependcaHubIM 0Kod0 1650
rofia A0 H. 3. MACHOM AXMEeCcoM, PACCMATPUBAIACE JHLIL Apo0H BAKA % s
n€N (B coBpeMennol MATEMATHKE HASKIBAKTCH ANMMKBOTHEIMHE) A De-
IIEHUA PASTHYHDIX 38084, Ha,n_):)umelp: pa3nenuTh 7 XneboB CpapeaHEo
Mexany 8 mogbmu. Tak xak g = 5 + % + % , TO KA2KAOMY 4eJOBEKY
HeoOxoauMo GLIJIO JATH MO OOMOBHHE, 9eTBEPTH B BOCHMYIIKE Xneda.
B maine e BpeMs YUeHAK npenyoxkai Ou kaxapit xaeh paspesaTs Ha
8 wacTelt ¥ KaXKAOMY 4eNOBEKY AaJs Gbl MO OBHON HACTH OT KAMKIOTO
xaeba. EcTecTBenHo erunerckiul cnocod ¢ TOYKH 3peHHA pa3pe3aHud BO
MHOTO pa3 9KOHOMH4Hee (B 3TOM M DL CMBICT YNoTpe(neHus alnKBOT-
HEIX Apofieil), XOTA ¢ TOUKH 3PEHHs MATEMATHKHY CYIECTBEHHO TPYAHEH,

B 1585 rony nugepnanackuil MaTeMaTHK Camon CTeBuH B KHHre «le-
CATHHES BECH M OOBSACHAA NeCATHYHBIE ApoOH; NOSEAIACEH TAK HAILBACMAST
TIIOFUNHOHAAY CHCTEMA 3AIMHCH YHCJIA:

1 _
o7 =001 .

, undp

Hemenxuit maremaruk leopr Annpeac Bexnep B 1661 roay seen sansrtyio
nocae menodt 4actH yneiaa. Q4YeBHgHO, 4T0 A TOr0 IT00B ODRHKHOBEHHEYIO
HECOKPATHMYH Apobh % SAMHCATH B BHJE NECATHIHON HeoBXomuMo BOC-
NONBE30BATECA METOIOM JeacHHA yroakoM. [Ipasna B oaunx caydasx npo-
necc JeJeHnd GyOeT KOHeYHEBIM, B Ipyrux GeckoHedHuM. I3BecTHO, 4TOo ecoin
B PA3JICXKEHUH HA NPOCTHIE MEORKHTEIA YAC/AA R BCTPEYANTCH TOALKD IHC-
1

ma 2 u 5, To gecarnunas npobe Gyaer koseunol. Hanpamep, x = 0,04,
BO BCEX APYTHX CAYYaAX B 3aIlMCH JeCATHUHON ApoOH BOSHUKAIOT NEPHOMM-
4YeCKH NMOBTOPSAIOLIHecs Ipynne uucp — nepuoan. Hanpumep,

1_ .1
7 =0,(142857); o = 0,01(923076).

OTMeTHM, 9T0 DepHOA HaHHHAETCA Cpa3dy Mocie 3a0ATOoMH, eclM B HECOKpa-
TuMOt Apobu % 3HAMEHATEIL B DARIOKEHWH He CONEPUT ynces 2 u §.

Eine 6onee moGonuTHLIN BONPOC, YeMy PaBHA AJHHA liepuoga (T.e. Ko-
aEuecTrO nEp B nepuone)? Jna mpobu suga :7. y IJIe p — HPOCTOE IUCIO,
He paBHOe 2 W 5, TOT BOmpoc penmn eme B moaoake rogsl K. $. Dayce.
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Zlna nepuona mas xpobn !—1, PABHE HOMMEHBIIEMY IHBYEHHIO YHCIA T,
ans koroporo {107 — 1) xpateo p. Tak, ma % =0,(142857) umeem

(10% — 1) = 7142857,

T. e. meproy pabeH 6.

Onpenenenne. Becxoreunod nepuoduyeckoti dpobbie HAZKIBAETCA JECA-
THYHAA Apo0E, ¥ KOTODOH noche 3anaTol ¢ToHT GecKoHeMHO MHOrO mudp,
npyyeM ofHe MUQpa WIH YIOPAA0YEHHEANA TPYTINA nEddp, HAYAHAS ¢ HEKOTO-
pOro pajpsang nocje 3ansaTol, MoBTopgerca. ITa NHMPA HIH YIODIA0ICH-
Has rpynna uadp Ha3HBACTCA IEDHOIOM.

Teopema. Jliobaa KoHeuHAd JecATHYHaA Jpobb 0,aia3as...q, TPEACTa-
BIMA eJAHCTEEHHEIM 00pa30M B Bl e oOnIKBEOBEHHON ApOGH.

=% , G , 43 o _
0,a18:85...a, = 10+ 102+ 08 +...+ 07
a0 gy 102 4a,, - 0P  a@i6265 ... 0,
- 10~ - 10% i
rae neEN.
Hamnpuwmep,
1,3 .5 7 .9 _
0,13579-10+102+103+104+105
=1-10‘+3-10“+5—102+7-1{)‘+9-10°=13579
105 10% °

Teopema. Kaxpaa HecokpaTuMas apode % , SHAMEHATENB KOTOPO# co-
JepkuT X0oTd 6Bl OHH XPATHEIT MHOXKHTENs, OTIHYHEH oT 2 M 5, MOXKeT
6hITE MPEACTABJIEH B Bufle HECKOHEYHON MecHTHYHON nepuoguueckoH Apobu.
Teopema., Jliobas GecKOHEUHAA NEPHOAUYECKAS JeCATHYHAS MPOOh MOXKET
OHITE GMUHCTBEHHLIM COpPA30OM NPENCTABJICHA B Bufie OOBIKHOBEHHOH Heco-
KpaTumoli Apobu % .

IIpuMepw.

a) 0,{134). Ilycrs 0,(134) = =. ¥Ymuokum ma 10°, 134,(134) = 1000z, u

ebiuTeM nowienno 0,(134) = z. Moayurm 1000z —xz = 134.

134,(134)

T0,(134)
134

999¢ =134, . e. % — ODEIKHOBEHHAA APO0b.



18 Heticmeumeavtse yucae

6) 0,27(41). IIycrs 0,00(41) =z. ¥YmeoxaM Ha 10? obe wacrm: 0,(41) =
=100z; 100z —z=0,41(41) — 0,00(41)=10,41, T.e. 992=0,41. Torma
41

9900z = 41, spawnT, * = oo, HO
27 41
0,27(41) = 0,27 + 0,0041 = 108 + 9910 =

_27-99+41 _ 2673+41 _ 2714 _ 1357
99 10° 99-10¢ 9900 4950°

Chopmymupyem npaswio. Irofsl o6paTeTs GECKOHEYHYIO NePROAAYE-
CKYI0 AeCATHYHYIO P06 B 0OLIKHOBEHHYIO, JOCTATOUHO U3 YHCAA, CTOALUIETO
JAQ BTOPOro MepHOA, BEYECTh YHC/I0, CTOSNIEE JO NePBOro IMEPAGAA, H ITOJY-
9eHHYI0 PA3HOCT 3AIMCATE B YMC/IATENE:, A B 3HAMEHATE/Ie HANACATE JACHIO,
BHIPAKEHHOE CTOJIEKIMA AEBSTKAMI, CKOJBKO LAMDD B IEPHONE, B CO CTOIb-
KMMH HYJAMH B KOHLE, CKONLKO WP Mex Iy 3anATcl ¥ nepucaoM.

IMpemepr.

M7T—3_ 344 _ 172
a) 0,3(47) = =g 990 =990~ 495 °
_63 _ 7 |
6) 0,(063)= gt = 117
_o141-927 _ 2714 _ 1357
B) 0.27(41) = 5555 = 5900 — 2950

Vreepicaenne. MomKHO MOKA3ATE, 4TO JIOBYIO JECATHYHY IO Apo0E MOXKHO
AByMA crocobaMA TPeACTABATE B BHAE OeckoredHO nepuomrdeckoll mecs-

THYHOH ApobuH.
Hampawmep,

16916 _ 153 _ 17
0.16(9)= 555 = 300 = 100 = >'7"

Yrober 6HA0 OFHOZHAYHOE NPEICTABNCHNE OZHON U TON Ke KoHedHoH Je-
caTH4HoR ApobH B BHAe GecKoHewHOM mepHomMvecKol JecaTHuhol apob,
IpPHHATO He AMeTh Udpy 9 mepmomoM.

Teopema, JlioGasa 0BLIKHOBEHHAA HECOKPATHMAA Jpo0b MOXKET GHITh €aHE-
cTBeHHBEM O6pa3oM NpeAcTar/ieHa B BAXe OeCKOHeIHO# nepHoaHYecKol de-
cATHYHOH Apobu H HAoBOpOT.

Onpepenenne. Jliobaa GeckoHeUHAS NEPHONMILCKAS NECATHYHAS APOOL
HASLIBACTCH PALMOHAMLHBIM UHCIOM.
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HppammoHalbHble YHCIA

HeTopesa OTKpPHITAS MPDANMOHANBHEIX Ydces OHIA BeChbMa ADAMATHYHA H
B 4€M-TO 04Y€Eb pomanTHyHa. B anaMennTolt wmkoxe [Indaropa B VI peke
A0 H.3., IPONOBENYs HMIEH TApPMOHHH W COPA3MEDHOCTH B MHDE, CYHTAJH,
YTO B OCHOBe ero ycTpolicTBa JieXKaT Hejble 9HCIa HAH HX OTHONIEHHS.
1 xorma BHIACHHUNOCHL, YTO IAA MIODOTO KBAAPATE €IC JUATOHAJL HECOH3-
MEDHMa CO CTOpPOHOM — MMp TapMOHMM Jis HuX pyxHyn. HasecrHo, uro
3T0 OTKphiTHe mH(paropelinm aepxann B Goabmolt Taline. Ilozxke, Koraa
ofuH M3 HUX — ['unnac u3 MeTamoHTa pasrnacun 3TOT CEKPET, €ro, ce-
MBIO ¥ TICTOMKOB NpoxJiaun nucaropeimel. Kcerarn, cam 08 nocae storo
CTPAHHEIM 06133301\{ ¥TOHYI, 4TO BECEMA HOAPOSHO OIMHACHIBAST AHTHYHBIN
dunocod Amnnx.

HeMoXpuT paccMaTpHBAJI OTPE3KH KaK pPAARl aTOMOB, TO €CTh OTHO-
IIeHWe OTDPE3KOE eCTh IIPOCTO OTHOINEHWE YHCENl ATOMOB HWX. JTa naes
OKA3AJIACH 0Y€Hb IUIOAOTBOPHON JJIs ONpPEeNeNesEns IIomated u obLeMoB.
Taxam oyrem demokprr Hamen ofbeM KoHyca {METOJ, NPEIBOCXATHBLIHNA
HHTerpanbHoe veducaenne}. Ho neobxomumo y4ecTs, 4TO A1s APeBHUX Ipe-
KOE OTKPLITHE OAaropelies HECON3MEPEMOCTH CTOPOHEI KBAJIDATA H €0
AUATOHANN He GLLNC CBA3AHO C HPPALIHOHAIBHBIM JncoM. B cymecTsopanun
HECOH3MEPHMEIX OTPEEKOE MPEKAM OTKPHIBAJIACH BE/IMKAH TaltHA, 3AK/IHYeH-
Haf B HeNPEPHIBHOCTH, OIHO M3 BRIDAXKEHWN ARANEKTHYECKOTO OPOTHBODE-
4N, FAKIIUEHHOTO B HenpephiBHOCTH ABikeHnd. Hecneaosanwem storo
TMPOTHBOPEYHS M BOIHMKAIOMMMU B CBASH ¢ 3THM NADAIOKCAMM AKTHBHO
sanumanca 3emon 3nelickull. Epaoxc B IV Bexe g0 H. 9. C032a01 TEOPHIO OT-
HOIIEHNA OTPE3KOB, YAEe YINTHIBAKINYN CYIIECTBOBAHHE HECOHIMEDHMEIX
orpeskon. Ho 0CO3HATB, YTO O THOMI € HYM € OAHOIO OTPESKA X ADYroMy
€CTh M1 CJ0 JApPeBHHE IPEKH TAK H He CMOLJIH.

ITnaTon B cBONX AuaJOrax B KHNre «locynapcTBO» AKTHBHO NOAB3YETCA
OOHATHAMH PAUNOHAMBHOCTH H HPPAIBOHAIBHOCTH.

Tlosxe, yxe B IV B g0 H.3. Qenop Kapesckni#t noxa3an AppanioHANE-
socTs wucen v3; v5; v6; V7, ..., a ero yuennk Tester nokasan nppa-
IHOHAITRHOCTh THCE \/J'_C, eI k He ABJIAETCHA TOYHHM KBAADATOM KAKOIO-
AHGO 1HCAA.

PaccMOTDHM JOKA3ATEILCTBO HPPAIMOHATLHOCTH /3 (B COBpeMeHHOH
CEMBOJIHYECKOl copme).

TpeAnonoKum, 9T0 CYIECTBYET PANMOHAJNLEOE 4HCIO & Takoe, YTO
(%)2=3, rne £ — necokparumas apoSb. Torma p? =3¢?, amaumt, p?
Aemmreda HA 3. Orcoaa cnenyer, wro p o agnutea wa 3. JefieTeuTenkHo,
JOTMYCTHM, UTO 3TC He TaK. Torga ambo p=3k+ 1, neo p=3k+ 2.
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1. Ilyere p=3k+1. Torms (3k+1)>=3¢%; 9%>+6k+1=3¢, Te
(2 -2k -3k =1, k,p,gcN u 1 xpatHa 3, 4TO JOXKHO, TAK KK
g — 2k — 3k* — nenoe Tucno.

2. Myers p=3k+2. Toroa (3k+2)?=3¢%; 9%*+12k+4=3¢°, T.c.
3(q® — 4k — 3k*) =4, suauuT, 4 KpatHO 3, YTO TOXKE JOKHO.

3naunr, p xpatho 3, T.e. p=3m, meN. Hororga (3m)?=3¢*; 3m?=4g".
AHANOTHYHO PaCCMATPHBAIOTCA DA3JIMYHLIE CAYYaM Ana ¢°, KpaTHoro 3.
IIpuxonuM K TOMY, 9TO ¢ KPATHO 3. ¥YBbI, ONATE NDHLULIY K TPCTHBOPEYHIO,
T2K KBK - — HECOKPATHMAS Apobb.

IMonyyessnoe npoTHBopetuHe AOKASHBAET, YTO npe,unonomenﬂe o TOM,
TO CYMECTBYET PALOHAJIBHOE YHCJIO o , TAKOe HTO ( ) =3, noxHo.
Suaunt, /3 He ABAAETCH PAUMOHANLHEIM M OTHOCHTCA K HOBOMY KJaccy
YHces, Ha3BAHHOMY MHOMECTBOM NPPAUMOHBALHBIX YHCEL.

B esponeiickoll MaTeMaTHKe NOHATHE PAIMOHANLHBIX H HPPAIHOHAL-
HEIX 9HCEN ChopMHPOBANOCE TOMBKO K koHIy XVI Beka. I'opasno Tpymmee
BLUIO MOKA3ATH, YTO YACIHA T B € — YHCI8 APPALHOHAILHEIE.

H3secTHO, 4TO 7T €CTh OTHOmMEHHe JIHHH OKPYKHOCTH K €2 AHAMETDY.
B 1674 roay I'. JleliGauu ycTaHOBAR oOHy M3 GopMyN Lis % :

il 1,1 1
—=l-z4+=—z=+....
g3ty T
Ogaako 3ToT P 04eHs MeIeHHO cxonuTed. Kak nokasan Hecaak HeroTon,
YT0OEI ¢ €0 NMOMOLILIO NOAYYHTE 3HAYEHHE 7 ¢ TOUHOCTLIO A0 AeCATOrO 3HA-
Ka mocje 3anaTol, norpebyerca okono 1000 ner. B 1704 rony arrmmiickait
MaTemaTnk JxoH Meunn opamen x mHo dopmyne:

E_4f1 1 1 )_(L_ 1 1 )
4_4(5 3-53+5-55 239 3-2393-'-5-2395 VA
KOTODAS H JI0 CHX NOpP CYATAETCH ONHON H3 caMBix Jyqimmx opMys mid
NpHOIHXXEHHOTO BEIMHCACHNA YAcaa 7. Toabko B 1766 roay Hemenxknit Ma-
TemaTaK Horann JlamGepr nokasan HppanAOHANEHOCTE THCIA T .
Heckonbko paate 00CTOSI0 I8N0 ¢ tmc.uou e, Ko-rolipoe Beea B 1736 rony

Jleorapn Diinep, onpenenes ero xak e=lim, {1 + = )" C ucnonsaopa-
HHeM DHHOMAa HBIOTOH& (33 £ nonyqena dopmyna
1
e—1+1,+ +3,+ + +

roe nl=1-2.3...n. ,I[oxaaamnbcrso ke HPPALMOHAJLHOCTH BBLIG IIOMY-
YeHO TONBKO B 1873 roay dpaHUy3CKHM MaTemamom Hlapnem SpMHTOM.
Ho, yBu, gy koncTaHTH Ditnepa c= hm,._,m(1+ + +...+ i —lnn)
J0 CHX MOP AOKA3ATENLCTBA 62 PAIHOHANBHOCTH nm—: uppau,nona..nbnocm
HET.
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Pacemorpim emg oy 0coOSHHOCTE MPPAIMOHANEHEX dncen. Tax xax
J0f0e MPPALEQHAIBHOE YHCIO MOKHO OXKPY>KHTH GeCKOHEYHOH moCieno-
BATEIBHOCTBK) PAIHOHANBHEBIX YHCEN ¢ M30BITKOM M HEJOCTATKOM, TO HP-
PALHOHANBHOS YHMCAO MOXHO PACCMATPHBATL KAK MPeIc] [NOCNeNOBATelb-
HOCTH DAIMOEAJILHEIX YHCEJ, B3ATHIX ¢ H3OLITKOM H HEIOCTATKOM, €CJIH
lim,,_, o @, =lim,_,, a} . ApTopoM Taxoro momxoas sipasiercs Kapa Teo-
Jop Bunvrenem Bedtepnrrpacc.

Ipumep.
a; =1 <2 <2=a — ¢ Tounoctsio mo 10°;

a7 =1,4<v2<1,5=0a} — ¢ rousocrsio mo 1071;

ay =1,41 < V2 1,42=qa} — c Tounoccrswo Ao 1072,

a7 =1,414 < /2 < 1,415=af — ¢ Tounoerso 10 1073;
a; =1,4142 < /2 < 14143 = @} — ¢ TownocTs0 20 1071,

3uauuT, a, < Vi< a} ¢ TouHocTsIO Jo 1077,

a; — GecKoHeYHast NOCASNOBATELHOCTE DAHOHAILHEIX YHCEIL, B3ITANA
¢ H30OBITKOM;

@, — OECKOHEYHAH OCACAOBATENbHOCTE DAIHOHAIbHBIX YHCEN, BIATAA
€ HEJOCTATKOM.

Torna v2 =lim, e a} =lim, a; .

MaTeMaTH4yecKH CTpOTOe ONpeigieHHe HPPAIHOHANRHOTG (HelCTBEH-
TEIBHEOr0) 9HCI4, He ONMPAIOINETOCH HENUCPEACTECHHO HA TEOMETPHIOC,
6b110 gamo Toabko B 70-x rT. XIX cTonerHs HeMeUKHMH MBTEMATHKAMH
Beftepmitpaccom, degekungom u I KantopoM. OueBugHo, 9TO V2 moxno
PACCMATPHBATE KAK ¢INEIby MEXKIY DAIMOHANLHBIMA YHCIAMHA. JTY B
passuran Jeaekmaj, codngs Teopuio <cevyeHuifs, CTano ACHO, 4TO TOTIA
HppalUHOHAALHLIE YHCNA MOXKHO ONPEIENHTh KoK GeCKOHeuHHe Heme-
puoAuYecKHue gecarauynnie apoGe. Ilocse 3TOro CTano BOIMOMKHEIM
BBEJiEHHE ACHCTBUTENBHEBIX, WM PEANBHBIX Yncen. YHcnoBag npaMas CTaiaa
BCIOAy ILOTHOM, T.e. 063 «meneli», KaK OTpaxeHHe 00LEINHEHHS MHOMKE-
CTRa BCeX (eCKOHeYHBIX HEPHOAHYECKNX AECSTHYHHX Apolelt B MHOXKeCTEa
BCeX BECKOHEIHRIX HENePHOJHYECKAX ASCATHIHHX Apobelf.

(uesuHO, ITO YIS MHOXKECTBA BCEX JEHCTBHTEIBHHIX 1ucesn {obo3aa-
qyaerca R ) npuaercs 3aHOBO ONpeaenuTsL ASHCTBHSA CIOMKEHUS, BEHTAHUA,
YMHOXKEHHUS M AeneHds (Kpome AeneHus Ha Hoab). EcrecTsenHo, neitcTeus
HAA0 ONpPEIeINTh TaK, YT0OH OCHOBHEIE MX CBOHCTBA coxpaxsmuch. Pac-
cMOTPHM 00Jlee WIH MEHee IIONHYIO CHCTeMY CBOMCTE AeHCTBHE MHOMXECTBA
BCeX NeHCTBATENLHBIX YACEN.
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AKCHOMBI MHOKECTBA
BCeX OeHCTBUTEIRHBIX YHCE

1. CroiicTsa nmopaaKa (Aau IPABANA CPABHEHHA MUCE N0 BEMHYHHE).

I, s mobeix qByX NefiCTBHTENbHEX YHCE] ¢ U b BHINOAHACTCH X IPUTOM
TONBLKO OOHO H3 TpeX cooTHoweHnlt a=b, a < b, a>b. ]

. Jas aobox TByX NefCTBUTEARHHX YHCEN @ M b, Takux, aro a <b,
HaliieTcH TaKoe AefiCTBATENBHOR YACHO ¢, YTO 6 < c < b.

[ Ecor a<bu b<e, To 6 < ¢ (cBOUCTEO TPAHIHTHBHOCTH).

I1. CpoficTpa cIo3KeHHNS M BBIYHTAHMSA.

II; ¢e+b=0+a — KOMMYTATHBHOCTB CJIOXKEHHS;

IL (e+b)+c=a+ (b+ ¢} — accOUMATHBHOCT COMKEHHA,

II, a+0=a;

I, a+(—a)=0;

Iy a—b=a+{(-b);

Il Ecmm @ <b, 70 a+c<b+c qgna Ve R — crabaanHocTs COKEHHA.

ITN. CpoficTha yMHOKEHMS B ASHEHHS.

I, ab=ba — KOMMYTATHRHOCTE YMHOKEHHS;

III; {ab}c = a{be) — acconMaTHUBHOCTH YMHOKEHHA;

IllI;6-1=a;

Ill; 6-0=0;

Ol; —e=(-1):a;

Mga-L=1(as0);

My a- g =% (b#0)

11, (@ + b)c= ac + be (mucTpuGyTHBHOCTD);

Il Ecnr @ <b M cnonoxuTenbho, 10 ac < be (ceoficTeo cTabmIbHOCTH
YMHOKEHHSA Ha. TIOJI0XKATE/BHOE YHCI0),

IV. Apxnmenoso cpoiicTbo.
Kakoeo OH HH GBLIO 9HCIO ¢ > (0, HallHeTCA HATYpANbHOE YNCIO U > C.
V. CpoiicTBo HeNMpepbIBHOCTH JeliCTBHTENBHBIX HCRIN.
g mobolt CHCTEME! BIOXKEHHBIX OTDPE3KOB

[a1;5:1] D [az;02) D ... D [@nr;bei] D [aniba] D - -+,
OJIMHB! KOTOPHIX CTPEMATCA K HYAK OPH 7 — 00, CYNIECTBYET, H MPHTOM
©IUHCTBEHHAS, TOUKA, TPHHALNECIKAAS BeeM OTpeskaM [a,;b,].
Hpumevaune 3gech Nom CBOHCTBAMH MOHHMAKIOTCA AKCHOMBI.



KomMmnnekcHnie
yucna

Beenenne

B HCTOpPHEH MATEMATHKH HW3BeCTHH TPH COOCOHA H3/I0ZKEHHS.

1‘

2.

Puropaueckuii cnoco, NpH KOTOPOM BCe PACCY X ITEHHS 3ATHCHIBAITCA
TONBKO CJIOBAMH. DTHM CTIOCOBOM MOIBIOBANOCH HOMBINUHCTBO MATEMA-
THKOBE JI0 HOBOI 3pHI.

CHHKOTHpOBaHHHE cnocod, MpH KOTOpoM GOMBIIHHCTBO MATeMaTH4e-
CKHX BBHIPAIKEHHNA OOHCHIBAIOTCH CJIOBAMM, OAHAKO JUTA YACTO BCTPEYa-
onpxcs Aeficreuit B noHATAN TpEMeHAeTcA cuMBonuka. HaeecTHo, uTo
TAKHM cOocoDoM Hanucan rpakTar Jduodanra Anekcangpuitckoro oKo-
0 250 r. H. 3., KOTOPHIM NOJL30BAJINCE BIIOTE 40 cepeaunnl XVII seka
B TOM YHCJIE U 3AM4JJHOCBPONEHCKUe MATEMATHAKH.

Cumeonaueckuit cnocob, npH KOTOPOM MATEMATHYECKHS® BHIPAKEHHA
MOJHOCTHIO 3AMHCHBAIOTCS MATEMATHYECKHMH CHMBOJAMH, YTO CTHJI0
BO3MOXKHEIM TONBKO Giaropapsi paboram (HOPaHIy3CKOTO MATEMATHKA
®pancya Buera (1540-1603 rr.) i no/HOCTBIO HCIIOALIOBANIOCEH YIKE €O
Bropoft nonosuasl X VII Bexa, x0T 48CTHYHO TAKAT CHMBOJIMKA [IpHMe-
Hinachk vEmHickaME MatemaTukaMu B XI1-XIII sB.

Hrorosstit Tpyn O. Buera «BBegenne B aHaMHTHYECKOS HCKYCCTBO> 1591 T,
66171 nepBoit i3 pabor B obaacTi ANreSpel, HATHCAHEBIN TOJTHOCTHI) B CHMBO-
Jaueckolt opme. OrMernm, uTo Brer ycopepIeHCTBOBAI METOB! ANrebph
B TPHrOHOMETDHH M O4€HBb NOAPOOHO W3M0KWI CHCTEMY IIDHMeHeHHs anred-
PBI K reOMeTpPHH.
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B cBa3u ¢ OypueM pasenTHeM anreGpur Gaarozapa paboram O, Buera
BHAYA/AE DOABHNACE (DOPMYNa pellleHHA KBaJAPATHOTO YpaBHEHMA OOmIEro
Buas ax? + bx + ¢=0 B cumeomnueckont dbopme
_ bt b —4dac
- 2a i

Z1,2

¥

roe npu b* — 4ac <0 POIHMKANE CNMy4aH KBAJDATHOLO KODHS M3 OTDHIE-
TEeJBHOrO uncna. Jo/mroe BpeMs CHHTANOCE, ITO TAKWE YDABHEHH KOpHell e
uMeloT. Heckonbko paHee B paboTax HTaAbAHCKHX YueHbX COHNHOHS Jelb
Peppo (1465-1526), maTemaTnxa us Bononon, Hukomo Tapramea (1499-
1597), maremaruxa u3 Benennn, xepounmoe Kapnano (1501-1576), spaua
H MaTeMaTHka u3 Munana, nosBinca cnocod pemeHnsi KyOudeckoro ypas-
Henud BuAs 22 + pz + ¢ =0, onybuukosanuuiit & 1545 r. Kapaano » xuas-
re «Begnkoe McKyccTBO», CuMpomueckad HopMyna pemeHHdA MOABMNACH
JHIGb B paboTtax Buera:

B B S NS S B BN I -3
""\/ 3T 4+27+\/2 £ tor

g , 7

Ipu 4 + 5 <0 onATh BO3HMKAET HEOOXOTMMOCTD 3BJIEKATh KBAJ-
PATHHI KOPEHb W3 OTPHIATENLHOTO YNC/A, IPHYEM HMEHHO B 9TOM CJIy4Yae
BCE TPH KOPHA JeHCTBATENLHBIE THCIA.

[Ipumep. Ypapuenue r° — 7r + 6 =0, oueBHAHO, MMEET KODHH T; =2,

x3 =—3, 3 =1, Ho 1ipu ITOM x={/—3+1/—%+§/—3—\f—%,l‘ﬂe

g=6n p=-T.

Ewe 3inep nucan b 1768 roay B cpoeM yuebHHKe ayeOphl, YTO TAK KaK
KBaJPATHLI KOPEHb M3 OTPHUATEIBHON YHCAS He MOMKET GBITh YHCJIOM HH
MOJOXKWTEBHEIM, HH OTPHOATENBHHM, HH HyJIeM, TO OH He MOXeT OLITh
OPMYUCIEH K BO3MO X HBI M THCJIAM. JHAYHT, 3TO THCJIO HOBOTO KJAC-
€& YKCesN, MPHYEM HA YHCJI O BO If npAMol eMy yiKe MecTa HeT. SIcHocTh
B IOHHMAHHMH IPIPOJTH HOBHIX 4uces BHAs a++/—b (b>0) nprrecio auums
XIX cronerne. Bonpockl, BOZHHKRIOMME B CBI3H ¢ HEOOXOAHMOCTEIO DEINATL
KBAJPATHEIE yparHeHus ope ° — 4ac < 0 ¥ KyOu4ecKue ypaBHEHHA C HC-
nojms3opaneM (opmyn Kapnano, TpeGoBanu pacmmpeHds NMOHATHA YHCAA
33 C4eT BESJeHUNA HOBBIX YTHCE/I H NPABHI AeficTBIit ¢ HUMH, IPHYIEM, 0 RO3-
MOMKHOCTH, ¢ COXPAHEHHEM CTAPBIX ¢BOHCTB. Briepsrie BOmoTHY0 momomen
K ONpeJeJIeHHIO HOBEIX YHCE HTAJIbAHCKHN MATeMATHK M HHKeHep Padasns
Boubtennu (1526-1572) B ceoeit kaure «Anrefipas, npemyarasn AeiCTROBATE
¢ KOPHAMH H3 OTPHUATEBHAIX “TACEI [0 TEM e IPABIIAM, ITO M ¢ JeHCTBE-
TENBHEIME YHCAAMHE. STH HHcHa Mo3aHee B PABOTAX HEMEIKOTO MATEMATHKS,
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Kapuna l'aycca B 1831 rogy nomy4uiiu Ha3paHHe <KOMILIEKCHEIX» (B mepepoge
€ JIATHHCKOPO «CocTaBHbes ). Kak yie oTMevanock, Ha YHCIOBOH npaMOR
BCE MECTa YK€ 38HATH! PALMOHANBHBEIME H HPPALMOHAJbHBIME JHCNAMM, H
HOBBIM HHCJIAM TaM MeCTa HeT.

TlonerraeMca NORONTE K 9TOMY BONPOCY ¢ HECKOJBKO HHMX NOZHIDLA.
Jng aToro PEEAEM NOHATHE IPAMOTO MPOASBEEHNUS ABYX MHOMECTE.
Onpenenenme 1. [Ipaumvim npouseederues Muoxecrs A u B Hasw-
BAETCH MHOXKECTBO YNOpHAAOYeHHHIX map (a;b), roe e€ A m be B, te.
Ax B={(a;b)|ac A;be B}.

Hoxn ymopano4eHHOCTHIO NP MOHUMAETCA MHOMXKECTBO BCeX Nap, AJA Ko-
TOPHIX PABEHCTEO Map (21;b;) = (az; b2) Bo3MOXKHO TOMBKO ecan

a1 = Qg

b1=b2 ’
T.e. B obmeM cnyuae {(ay;b) # (bi;a:) npe a, # b, .
IMpamep. A={1;2;4;5}, B={3;6};

A x B={(1;3); (1;6); (2; 3); (2; 6); (4; 3); (4; 6); (5; 3); (5; 6)}.

Omnpenenenne 2. Jexapmosvim K6a0pamosm HARILIBAETCA MHOMXECTBO
={(a;b)| e e M;be M}.
Mpumep. M={-3;-2;1};

M? = {(-3;-3); (-3; —2); (-3;1}; (-2: -2);
(_21 _3)1 (_21 l)l (11 1)1 (11 _2)1 (1! _3)}

Hycre C=R?, rne R — MHOXeCTBO Beex JelicTBUTENbHBIX TMCe. 3Ha-
aar, C = {(a;b) | a;b € R}, T.e. MHOKecTBO Beex map (a;b), rme ¢ m b —
OefcTBHTeNLHRE YHCA.

Onpenenense 3. O6o3nauns mape {a;b) =z u (—a; —b) = —2. Hazosem
napy (—a;—b) cummempunnoti nape (a;b).

Onpegeuenne 4. Hasosem napy (0;0) nyaeaofi napott n obozmaumm
(0;0)=

Onpe,qeuenne 5. Ilyers z=(a1;01), 2= (@25 02), za = (as;b3), Torma
NONOKHAM 2, + 23 = 23 TOIBKO €C/IH

a3 =& + a2
b3 =b1 +b2 )

Takum 00pa3oM, MH ONPeIe/IHAH Jelicmoue CAONCENUR, KAK TIOKOMIIOHEHT-
noe,
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CepolicTpa croxxenns.

1} =z + 23 =2+ 2, {KOMMYTATHBHOCTB);

2) (21 +22)+z3=2 + (22 +2z) (8CCOUUATHBHOCTE);

3 z+(-2)=0.

CpolicTBa AOKS3LIBAMIOTCA HA OCHOBAHUH CBOHCTE dcftcTbuil HAN AcBCTEU-
TeJBHBIMH YHCJIAMH.

Ounpenenenne 6. Ilycts z = (a1;b1), za = (@2;82), z3 = (as;b;), Toroa
NOJOKHM 2123 = Z3 , TOJNBKO eCIH

a3 = a10; — byby
by = a1ba + a2y 3

TakuM o6pa3oM, MBI ONIPEACIHII JeficMEue YMHONCEHUR.

CaoilcTBa yMHOKeHUSA.

1) z,z3 = 22z (KOMMYTATHBHOCTB);
2} (2122)2zs = 21(2223) (accomuaTHBHOCTE);
3} z(za+ 23) = ziz2 + 2123 (OMCTPUOYTHBHOCTD).

PaccMoTpHM NpHMeDHI peaiiu3anmi Teopux acoBsx nap. Ha camom
Jesle, MBL YiKe MMEJIH A0 ¢ HUCJIOBEIMH DAPaMH, HANpUMEp, OaDEl BHAR
E ,Ce p;g €Z u q#0, 3272107 PATROHA/IBHEIE YHCHIA, T. €. g =(p;q).

) (p3g1) = (@2 42) 2 P12 = P2t (2%:‘22—2');

m

2) (pisq) + (025 2) = (12 + P21 112) (q_l

3} (ua) (P2i @) = (P2 1G2) f;—i . L—z = q:—w)-

+

P2 _ petma )
42

q142

A

IIpumepsrL

Lalba

1) Mo onpenenemno §:(2;3); §=(4;6),H0 =%,mxax 2.6=3-4,
anaunr, (2;3) =(4;6).
2) (Z3)+(45)=(2-5+4-3;3-5)=1(22;15). HeficTeuresnsao,
2 4_2-5+3-4_10+12_%=(22;15)'

3t5= 3.5 -~ 15

3) {2,3)-(4:5)=(2-4;3-5)=(8;15). Hettcrurensnuo,
OYEBIIHO,

Wit
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[Io cyTu aena, MH 0ePEOCMBICTHIY NPABWIS PABCHCTEA, CJIOMKEHHS B YMHO-
EHHA PAIHORAJNLHLIX MHCE/I ¢ TOUKH 3PEHUs TCOPHMH YHC/IOBLIX Hap. 3aech
TONBKO CJIOMKCHHE BHEMHE KaXKeTes OueHb HeOOLIYHBIM, H YCIOBHE DaBeH-
CTEA HE TAKOE OUeBHAHOE.

BoaMOKHO pacCMOTPETs MHOKECTBO BCEX YIOPSAOUEHHHX 118D, [ KO-
TODBIX ASHCTBHA ONPEAETEHE! MO-APYTOMY.

Iyers a,a3,bi,b; — peficrerrensasie uwnena. onoxem

@, =ay
bi=by’
2) (01;61)4‘(02;b2)=(01+a2;61+b2);

3) (aish)-(@2b2)=(a1 - a2;61 - ba+ by - 62).

Taxoe MHONKECTEO YIIOPAICUEHHBIX AP AeficTBATEILHBIX 1MCEJ HASKIBAETCS
MHOKECTBOM BCEX AYANBHBIX YHCEN, & MIGOOH 3/IEMEHT 9TOr0 MHOXKECTEA Ha-
SBIRAETCA OYAILHBIM YHCIOM. JIAs MoGONBITHEIX M YBIEKAIIIMXCS G0 OB
IONE3HO NIONRITATHECH CAMOCTOATENLAD PA3BHTE H 4[OOINYIIATH% HA l'IpB.KTHKB
0COBEHHOCTH TAKMX YHCEIL, AHATIOIHIHO TOMY, ITO MBI OY1eM PACCMATPHBATD
B JanbHelneM.

Teneps PacCMOTPHM MDHMEPS] JeHCTBHA Y MHOKEHHA HA MHOMKecTBe (:

1) (40)-(0;1)=(a-0-0:1;2:-14+0-0)=(0;a), re.

1) (@1;01) = (as; b2}, TONBKO €com

{a;0}- (0;1) = (0;0).
2) 0;1)-(0;1)=(0-0-1-1;0-1+1-0)=(-1;0), e
(0;1)- (0;1) = (—1;0).

Briscunm, KaK Ha0 ONpeAEndTh ACHCTBHS BLIMUTAHUA M AefleHHd, YT06LI
OHH ﬁhIJIH Oﬁpa.THmﬂl IO OTHOIMPHHID K ,[[eﬁCTBHHM CJ'ICDKGHHH_H yM:HO)Ke-
uud. Mul nMeem:

1) za—zy=2z3|2a+21=2, € (a3;) + (@1;8) = (823 b2);
a3 =03 +a; 3=y — @
by=by+b ’ by=b, b ~
Eal
2) 5 =nln=nn;

Gz = G203 — babs
b= aghs +ashy
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Taxam 06padom, HeoBXOIMMO DEINNTDL CHCTEMY JHHENHBIX YDABHEHHAL ¢ IBY-
MA HeH3BeCcTHBIMH. Pemum ee:

{a1=azaa_a2as' m El'az-'-@'bg.
by = agba + asbs ’ @’ @-ag—m-bg,

a. = B2 + biby
{M%+h%=amé+%y T a6
b1a2 - albﬂ = bs(ag + bg) ’ b — b]_ﬂg - fl]_bz ’
P a+h

Bor TOMBKO TENeph MOXHO OATH OODEJENEHNE MHOMECTEA BOEX KOMIIIEK:-
HBLIX YHCeJ, KOTOpPHe IPHHATO 060aHa4aTs C.

Onpeaenenne. Muoxectso €= {(a;b) | e;b € R} ynopamouennnix nap
C ONPEAENEHERIM B HEM cjefAyromamM obpazoM aeficTBHaMA

a, =az

1) (a‘lybl)‘“(azjb?)‘_} b1=b2 +

2) (@13b1) + (@23 82) = (a1 +a2i b1 + ba);

3) (ﬂ1;b1) . (Gﬂ;bz) = (ﬂ.lﬂa - b1b2;a1b2 + a‘zbl)s
HA3ZBIBASTCH MHONCECTIEOM KOMTIAEKCHMWT YUCEA.

TlocTaBHM B COOTBETCTBHE KAX(IOMY KOMIUIEKCHOMY umcny (a;0) meit-
CTBHTENBHOE IKCAO @; TO 3aluchiBaercs Kak {a;0)=a.
QOuepnnno, ¥TO

(81;0) + (az; 0) = (a1 + a2;0);
(8150) — (az;0) = (a1 — a2;0);
{a1;0) - (a2;0) = (a102;0);

% = (:—:;0), az #0.

Teopema. Jlwboe KOMIJIEKCHOE YKCAO 2 MOAHO HPEICTABHTE B BHIUE

[ (3:8) = (6:0) + (50} - (;1) |

O6oznauum (0;1)=1i. Tax kak (a:0)=a u (:0)=b, TO
(a;) = (a;0) + (80) - (0;1) = & + bi.

3To0 TaK HASHBaeMas aJrefpandeckas GOpMa, 3AIHCH KOMIUIEKCHOTO YHC8:

(mb)=a+bi|.



Bsedenue 29

Tak kax (0;1)-(0;1)=(-1;0)=-1, T0 _, 8 3HAYMT, B MHO-
JKeCTBE BCEX KOMILIEKCHBIX YHCENI eCTh YHCJIO, KBAJDAT KOTODOTC OTPHIE~
TemsaOe Uncno. Taxum obpazoM, B MHOXKecTBe T paspelnnmbl KBagPaTHLE
YPaBHEHHA ¢ OTPHUATENLHEM auckpuMusaEToM D=8 — dac< 0.

Pacemorpum AeficTBES HAJ, YHMCJIAME BEIE z=a + bi.

1}) z1+z=a +hi+ay+bi=(a+a)+ b +b)i;
2) 2129 = (61 + b]i)(ag +bzl) = aytq + b]ﬂgl +a.1bgi + blbgiz =

=(Gla2 _b1b2)+(a1b2+blag)i, (]'.2:—1 )_

Taxkum 00pazom, €clin MBl XOTHM COXPAHHTL CEONCTBO AMCTPMOYTHBHOCTH,
ApeAcTapnAOmes coboll 0 CYTH NPABNNIC YMHOXKEHUS MHOTOYJIEHS, HR MHO-
rOYIEH, TO CTAHOBHTBCA GOJIee MOHATHBIM NPABWIIO, oNpeaciadAioniee Oek-
CTBHE YMHOMEHHA KOMILICKCHEX YHCE.

KoMunekcHoe 4ucso 1 Ha3EIBAETCA mirumoll eduntted. Jna koMirexe-
HOTO 4HCNa B aarebpandeckolt dopMe z=a + bi npHHATH 0Do3HAMERHS

e e=Re{z) — peancHas mad AefiCTBHTENBHAS YaCTh KOMILJIEKCHOIO
YHCHa 2
e b=Im(z) — xoshduupenT Npy MAMMOH JACTH KOMIIIEKCHOTO YHCNa 2.

KOMI‘U’IEKCI‘!OC YHCIO BRI 2= bi HBILIBAETCA MHUMBIM NULIOM-

Kakue xe ceoficTBa MBI MOTEPSUIH NPH Nepexole oT AeHCTBUTENBHBIX
YHCEN K KOMIEKCHEIM?

B MHOXKeCTBE KOMILIEKCHLIX YHCEN CPaBHEHNE YICET IO BEINIHHE HEBO3-
moxkHo. Heckonabko nosske, MpH paccMOTDEHHH PeoMeTPHYecKoll HHTeprpe-
TALAN KOMIUIEKCHOT'O YHC/A, 3TC CTAHET O49EBHIHO.

Jamnuefiinee pasBUTHE TEMCPKOMIIEXCHBIX YHCEN CBAIAHO ¢ MMEHEM
¥.P.Tamuaprona (1805-1865}, upnanackoro MaTeMaTHKa, 4a.-kop. Iletep-
Gyprckoft AH, KoTOpEIf! NEPBEIM Oa TOYHOE (hODMBJIBHOE HINOKEHNE TE0-
DRH KOMILUTEKCHEIX THCEJI KAX 98,CTHOIO C/IY9asl YAC/IOBHIX CHCTEM C HECKOJIb-
KNMHA eJaHUNAME. [aMIIETOH IOCTPORN TAK HAILIBAEMYIO atzefpy Kaamep-
nuonos (uucen Buaa (z;y;2;t) pasMeprocTH 4) ¢ YETHIPEMSA EIMHHLIAMH
1,i,j, k, ceasarHemME Mexay cobolt Tabmmmeli yMHOXKeHHA

P=f=l3=—1, {j=—ji=k jk=-kj=i, ki=—ik=j.

Ecnu nna KOMIJEKCHEIX 4HCEN CBOMCTBE ZeACTBHM, A HMEHHO aCCOLHATHE-
HOCTB, KOMMYTATHBHOCTE, JACTPHOYTHEHOCTE COXPAHAIOTCA, TO AIA anreh-
Dbl XB&TEPHHOROEB KOMMYTATHBHOCTH Tepaercs. Jannmefimee pacmupenne
Pa3sMEPHOCTH KJIACCA THCEN, KAX AOKA3AJ] B CBONX HCCIEIOBAHHAX HeMenKult
marematak D. . Opobennye (1849-1917) npusonwr K noTepe U cBOHCTRS Ac-
COLHATHBHOCTH.
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Hpaxmuxym 1

1. Brmonsare pneficreug

1)

2)
3)
4)

5)

(2 +31)(3 - 2i);
(3—5i)}2+3i)
1+2i !
2+i 3+,
31 ta_i’
(1-iP-(1+i)
2—-1i !
2-i2+(2+i)
Q-

Briacaure, npH Kakex z,y € R cnpabemIMELl papeHCTBA

1) 3z—-dy—(x—pi=3-2i;

2)
3)

Cer+yi)+(3y—2zi)=2+1i;
(3 +1)i +3={y—21)y — 2y;

4) ¥ -5y-1)+4i=zi-1;

5) (2y— 3wi}2y + 3zi) +4yi = 52— 8i.

Homnnexcunie sucaa
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Pewenue npaxmuxyma 1

1.

2.

Brmomure peitcrana

1) (2+3i)(3-2i)=2-3+3-3i—2-2i —3i-2i=6+9i —4i —6i2=
=6—-6-(—1)+5i=12+5i. (i?=-1)
gy B-8DQR+31) _6-10i+9i—15i% _6+15-i _20-i_
1+2i 1+2i 1+21  1+2i
[Tak rax (1+2i)(1—2i)}=1-4i? =5, yMBEOMIM 4HCAUTEND 1 IHA-
Menatens Ha (1 — 2i) ]
_@-0(1-21) 21-i-42i+2i? 1943 _ 19— 43i
(1+2i)(1 - 2i) 1-4i? 1+4 5
3) 2+i 341 (2+DC-D+B+H)B-1) _4-i2+9-i2_
3—i 2—1i B-D2-1 6—5i+12
_13+2 _ 15 1+4i_15(1+1)
5(1—i) B5(1—1) 1+1 5(1—1i?)

15,4, o _ :
= 10(1+1)—1,5+1,51.

(1-iP-(1+1)* _ 1-3i+3-i2-i"-1-2i—i* _
21 - 2—1 N
(¥=i-i2=-i)
_1-3i-3+i-1-2i+1_ ~2-4i 24i _
- 2—1 To2-i 240
—=2:2-2-4i—2i—4i _ -10i _ _,,
4-12 4+1 '
@—i)+(2+1)° _4-4i+i2+8+121 +6i2+i° _
1-iy 1-2i+1i2
_5+8i—i_5+47i (B+7TiH _7i245i _

-2i —2i —2i2 2

=#=~3,5+2,5i.

BriacanTe, 0pH KakBx %,y € R cnpaPedfIHBH paBeHCTBA,

4

5)

1} 3z—4y—(z—y)i=3-2i.
Taxk Kak 2 =23 (21 =ar +bii,22=a; + b1 ) TomBKO ecrm

a; =4as
bl=bz ’
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rie oy =3z —4dy, az=3u b =—-(x—y), bp=-2i, 10

{3.:-:—4y=3_ {3(y+2)—4y=3_

r-y=2 ' |x=y+2

3 6—dy=3 =3
yro-fy=s, v ;o (5;3).
r=y+2 r=y+2

2) (r+yi)+By-2zi)=2+1;
2e+yi+3y—2zi=2+1i; (22+3y)+(y—2x)i =2+ i, 3nauur,

22 +3y=2 20+3y=2
{y—2z=1 ’ @'

{2:B+33'g=2; {x=—§; (_%’%)

¥=1

3) (WP+1)i+3=(—2i)y-2.
MoxHO meltcTBOBATE HHAYE, YeM B NPeApOymnx npumMepaX. [Tepe-

HeCceM BHIPBXKEHHE W3 MpaBoll YacTH B JIeRy1o. [IpuBeaeM nomobHEIe
YIEHBI, TPYOIEPYA OTALNBHO CIATACMBIE, HE CBA3AHHEE ¢ 1, H OT-
nensHo — cBazannsie ¢ 1. Ilomyanm peipasenne susta a+0i =0,

KOTOPOE BEPHO TONBKO ITPA YCIOBHK

e=10
b=0"
Peanmayem Ty o0 IJIA DeIIeHHE TAHHOTO npaMeps. HMeeM:

@+Di+3-(y-2i)y+2y=0;
(WP +1)i+3-9* +2ig+2y=0;
(FP+1)i+2i+3+2y—9*=0;
- -2+ P+ 20 +1)i=0;
—(y-3)y+ 1) +y+1)?% =0

3ro PaBeHCTBO BO3MOXKHO, THILIL €CNI

~y-w+H=0 _ .
(y+1?2=0 PYy=E—
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4) ¥ -5y—1)+4i==xi—-1.
Hmeem:
¥ -by+5+1+(4—2)i=0
¥ —5y+6+(d—1x)i=0,

YTO BOIMOMHO TONBKO IIPH YCNIOBHH

—3
Y — 5y +6=0 [” (4;3)
g—g=0 O JL¥=Z

r=4

5) (2y —3zi)(2y +3zi) + 4yi = 52— 8i.
Packpripas ckOGKH, MOJyYaeM
497 —9z2%i? + 4yi =52 — 8i;
42 + 9z + 4yi =52 — 8i;
{492-4-93—52 {16+9x2=52

¥ 1

dy=—8

22 =36, (6; —-2)
(-6;,-2)

42)
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Tpernuposourasn pabomea 1

Bapuaur L
1. Haitnpre z,¥ € R, ectn

1) (z—3iy)+ 2y +3iz) =1 - 2i;

2) bz —-2y+(x+y)i=445i;

3) z2-5(z—1)+4di=gyi-1;

4) (22 +1)i+3=w(z—2i) - 2z;

5) (22 — 3yi)(2z + 3yi) + dzi =97+ 8i.

2. BemoganuTe pelicTBug:

1) 1-i,

1+1i
2) (3-2i)(5+4i)—7i +1:
(1-2i)2+i)

3_21 '
(3—2i)(2+1)
23)(1-1)

1-3i , 4i+1
5 T2 tm-1

Bapuanr IL
1. Haligute z,y € R, ecan
1) (z-2iy)+ (y+ 2iz)=2—3i;
2) 9+42(x +2y)i =10i — 6y,
3) Yi+3+i=¢+2iy+2y;
8 1ogyi=a+is;
5} (z+y)?+6+xi=56(z+y)+(y+1)i.

2. Bunounute pelicrema:

p (3-8 +n-n
3) 2-3i

@—1)(2+2i)’
(2+3i)(2—1)
G-201+1)°
1+3i  4i—1
T+2 T3i+1

4)

5)
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Moayas KOMILIEKCHOTO YHCJIA,
CONPS2KE€HHBI€ KOMIIJIEKCHBIE YMCIa

Onpepeneane. Modyses KOMIIEKCHOrO Ymciaa z = a+ bi Ha3zbIBaeTcH
HeOTPHIATENbHOE U0 |2|=+v/a? + 12, r.e. |a+ bi|=+/a®> + b . IIpu b=0
MOIYJIb 4Mcaa paBen |a| = v/a?, T.e. COBNA/AET C OGBLIMHEIM ONPeAEIeHTeM
MOAYNA AeBCTEHTEIbHOTO HHCHA.

Onpepenenne. IIycrs z=(a;b) u Z=(a;—b). Yucya z B Z HaznBaKOTCH
BIAHMHO CONPRANCEHHMMU, HMEIOT MECTO PDABEHCTEA

a+bi=a—bi; a-dbi=a+bi; —a+bi=-—a-—bi

CroiicTea B3aMMHO CONPAMKEHHBIX
KOMIOJICKCHEIX YHCEJI H Mo,u.yneﬁ

1} oy« z) =2 - |2l
2 Z =@;z 0;
) |22| |22| 2%

3) 12" =[=[";

4) a=2=
5) z-E=|z| H
6) |z|=]z{;
z Zy 23
7) z_;= |1 |22; 22#0;

) _ 2L, .
100 (D) =5 2#0
11) !Z]_ +Zg|2 +|21 — 22'2 =2|21|2 +2|Zg|2.

B xauecTse ynpaKBEeHHA AOKAKEM ITH CBONCTBA.
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1) o 2l=tal- |2l
n=a +hi; z=a:+hi;
a) 2z za=(a1+bi1)}(8s + bai) = @102 + bibui® + (@1b2 + aaby)i =
= a0z — biby + (0102 + azbi}i;
2z - 2| = /{@1ba — a201)2 + (a1b + a2b1)? =
= v/a%aZ — 2a,a2b, by + U202 + a2b2 + 2a,a2b, by + a2b2 =
afad + bif + afts + adb] = /(af + b%) (a3 + b3).

6) lul=+va}+¥; [z = a +b%;
21| - 12| = Vi + 81 - Vo + 8 = /(af + ) (aF + 3).
3uauur, |z, - 23| =|24] - 23], v T. B

2) 2= 540

|22] *

2 _a +bi_ (@ +bi)(es —bai) _

2z Gp+bi a3 — (b:i)?
L hbi? + (ﬂzbl - albﬂ)i _ @18y + by by + (ﬂabl - Glbz) is
a3 + b3 o} + 83 a+i

\/(ﬂlﬂa + by bg)? + (azb, — 3152)2
al + b2
 y/alad + 20,00b:b; + 6303 + adb? — 20,0201y + b
- aZ + b2 N

\/(01 bz)“z“‘bz) af—l—bf.
aj + b aj + b3’
lz] _ vai+bf
22| el +02 %

PN |z1|
3uawur, | = f= o2l

3) [z =|z|". DokazarensCTBO BOIMONKHO NPOBECTH:

22

a) MeTomoM MaTemMarHuecKoll HAyKuuM (nonpofyiTe ato ¢aenars ca-
MOCTOSITEJNLHO);

§) HCHONB3YR NOHATHE TPHIOHOMETPHYECKOR (DOPMEI KOMILIEKCHOTO
yucAa (cM. ¢. 55).
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4)

5)

6)

7)

8)

9)

ZF)==.

Ilyers z=a+bi, rorna Z=a — b, 3Ha9MT, ﬁ=a+bi,1‘.e. a=z,
9. T A,

z-Z=|z[2.

IIycre z=a+bi, Torna Z=a — bi, Ho

z-Z={a+bi}{a—bi)=a® — (bi)’ =a® - ¥?i®* = a® + }?,

" |z| =v/a® + b?, 3naumr, |z|* =a®+b%, oTciona caenyer, uto 2-Z=|z[*.
j2] = 7.

Ilyere z=a+bi, Torna Z=a —bi.

N rak kax |z| =+va? + ¥ u 7| =+a? + 82, 10 |2|=1Z], ©.T. A

L __ A E
o = |22|2 H 22%0.

a) zn_aithi_ mext+bhbe + (0251—0152)1
22 az+bot a2 + b2 a2 + b2 !
6) Zyr 233 = (al + bli)(ﬂa - b:i) =a18p — blbgiz + (0261 - Glbg)i =
=y + blbg + (agb1 — Glbg)i H

|22|* = (/a3 +83)* = a3 + b3;

) zn-7 _ (o2 +bibe) + (a2 —a1ba)i _ arep +biby + gzb — aaby |
jzal? a3+ 03 a3+ 63 ej+b3 O’
Torga A = 22
AR e T lz2|? °
2 IZQ=Z_1:|:E.
Tak xak 2y + 22 =ay +bi +as + boi = (a1 + @2} + (b1 + ba}i, 10
ziF = (a1 +a2) — (b + by)i;
z_1=a1—bli H Z_2=ag—bzi;
A+ZT=a —bhi+a;—bi=(a1+az}— (b +bs)i, anauur,
fntz=%+Z,LT0
ARanorevnAo AOKA3HBAETCH DABEHCTBO 2, — 23 = 21 — 23.
f[ =72

a} z-za=(a,+bhi}{as + bi) = arazs — biby + (azd; + a1 by)i;

Z1 - 22 = (@102 — bib2) — (aaby + a1 ba)i;

B) Zi=a, —bii u =0, —bai;
T =(ay — bi)(ag — bz1} =(a,a; — bibs) — (agb; + a;b; )1 , 3naumT,
31 Zg—zl 22, 9. T. 4.
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10) (;—:)= ;:;; 2 #0.
Z _ 2+ bi_ 0162+blb2+(a2b1 _albﬂ)i _
z ap+bi a3 + 4 -
0102+blbz+b102—bzali.
af + b az+b;
(T1)=010§+b1bz _5102—52511;
7 a3 + b a3 + b3

1=01 — bl M =6, — byi;

ey —bi (@ —bi}{as 4 bei) _ag + by — (22by — a,b2)i

a_ = =
% ar—bi (a2 —bi)ag +b:i) a3 + b2 ’
3HAYMT, (% = % y LT

11) |z + z)® + |21 — zl® = 2|z |? + 2|22
a) zZitzm=a+bhita;+bi= (0-1 +62)+ (bl +b2)i§

|21 + 2] = V(@1 +az)? + (by + b2)?;
lzs + z2* = (@1 + @2)® + (b, + 52)%;

6) Zl—‘22=01+b1i"‘(Gg‘i‘bgi):(ﬂl"'Gg)—(bl'bg)i;

|21 — 22| = /(a1 — 822 + (by — ba)?;
|21 — 22 = (a1 — @)’ + (b — b2)*;

B) la+alit|n—zl=
={a:+ 02)2 + (b +8,)° + (a1 — az)® + (b —52)2 =
= aj + 2a,a; +a + b + 2b,b, + b; + a7 — 2a,0; + a2 +
+ b2 — 2b,b; + b3 = 2(a? + b2) + 2(a2 + B2);

1) |zl=+al+8; |2’ =al + 8] u |z| = el +8; |nf =] +8;
2|z|* + 2|20f* = 2(a] + b}) + 2(a +b3),
BHAMNT, |2 + 22| + |71 — z|* = 2|z1)* + 2|22)* , w1 1.
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IIpaxmuxym 2

TIpaMepn 331349 HA KOMIVIGKCHBIE THCIA.

1. Ilpu Kaxux 3HAYEHHAX M; N CUPABEIARBO PABSHCTEO
(m ~3i)? =16+ ni?

2. Tlpu xakux 3HAMEHAAX T BEPHO, MTQ
(z—-4i)+(2+ iz?) €R?

3. Hatimure z, ecan (1 — 2iz)® + 11 — umEcno MARMOeE.

14-52i _ .
4. Hafimure @ 1 b, ecym 1761 =a—1i.
14-ti
5. Ilyers z= TR rae t €R. IIpu kaxux 3naqenHAx §
Mldzhl
_3—4i
6) 7= 7
6. Hoxasars, uto moboe z, ecomt |z| =1 # z # —1, MOKHO NPEACTABHTE
B BHIEe z=itt;,mete]R.Hammm BCE 3HAYCHHA ¢, NPH KOTODBIX
1+¢i
=1 R

7. Ilpu kaxux 3uaveHusx m A yacna 2= (m— 1)+ (m? —4)i cnpasen-
JIMEL] PABEHCTBA.
a) z=7%;
6) z2=-%27
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Peuwenue npaxmuxyma 2

1. Ilpm KaKHX 3HAYEHMSAX 17 M 7@ CIPABEIJIBO PABEHCTIBO
{m —3i)2 =16 + ni?
Hmeem:
m? —6mi+9i2=16+ni wm (m?—25) — (bm+n)i=0;

m=>5

m?—25=0 {n=~30
bm+n=0" m=—5 ’
n=230

2. Ilpm kakux InadeHAnx T BepHO, 9r0 {(z —4i) + (2+ iz?)eR?
Nmeem x —4i +2+ i22 =2+ 2+ (22 —4)1 . [lo ycnosuio kxoaddunuent
PY MHHMON YaCTH JO/KeH GBITL DABHEIM HYMO: 1% —4=0;

r=2 zi=4
, T.e. .
r=-2 zp=0

3. Haitaure x, e (1 — 2iz)® + 11 — uncao muumoe. Hmeem

1-6ix+12i%z* — 2*1%®% + 11 =12(1 — z°) + (8= — 6x)i.

Ilo yeJIOBWIO BEIMECTBEHHAS “ACThL KOMIVIEKCHOT'Q YMCJIA AOJDKHE OHTH
PaBHA HYIIO:

1 2, z=1 . 2 =2i
TED Nz=<1' z=-2

4. Haso % =a— i.Halitn ¢ n b. Haxomwm:

(14-520)(1—bi) . (14— 520)— (14b+52)i _
1452 —eTb 1+ 52 =e-

14-52  b+52, _ .

148 1+ ’

14— 5% _ _

Trer %, {14—52b=a+abz_ {a:—“ 52b

14b + 52 2 1407 ’
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Hpnpa.ammaﬂ OTOENEHO BENIECTBCHHBIC H MHHMEBE Y8CTH, DOJYYHM
14-52(17) _ 870 _ _,

_ 1452 *=3yane T 20
1+82 b=17
b=17 :
[ = 0214 52-(=3) _170 _ .
b=-3 1+ 32 10
b=

{ b=17
a—17'
b=

6. Ilycts z = +t , bme £t € R. IIpn xaxux anavennax i

a) |z|=l?
Hmeem:

OTeeT:

polhti (A4t 4ot 1-£2 2
1—ti 144# 1+¢2 1+£2  1+87

=y (156) + (35) =1

Ho nocnefaee paBeHCTBO €CTh TOXKNECTBO:

1—22 4+ ¢4+ 467 =1+ 262+ ¢,

1+1¢
SpayuT, 418 2 = 1+t paBeHcTBO |2| =1 BrImOAHAETCH AaS BCEX

1-ti
teR.
6) z=3—541?

VYYUTHIBAS NPEALAYIIHN Pe3yALTAT, NOTYYHM
1-¢2_3
Fe=-5 {5—5:==3+3t2_ {rﬁ*:i .
4__2 ° | -4-4=10¢ ' 2 =0
1= 27 +5¢+2=0

(2t+ 1)t +2)=0
OTeeT: a)npu mobux t€R; 6) npu t=—% .
8. Hoxazarn, uyro moboe z, ecym |z{=1 u z# —1, MOXKHO APEACTARHTH

B BUIE 2= 1+t ,metelR.
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Tak Kak z=a+bi n |z|=1,T.e va*+ 5 =1, 10 z MoxHO npecTa-

- _ 1-ig2a 2tg o
BUTb B BAAE cos2a + isin2a= Triele T Treeta
_1-tgla . __2tga .
ITockonbky cos2a= T+tea 1 sinZ2oa= Ttiga’ ecmu cosa # 0
(re. a# % +7k, anaunr, zaé—l) To, nonaraz tga==¢, nomy-
2 . 2 142 o 1—2 42t (1)
MM co: 20 + sin 20; T + 1+t= i=—pm =T =
1+ti 1+t
_ 14t (1+#) _1+n1q'w"

T 1=(i)2 T (-1 +ti) T 1-ti
Hanante Bce £, OpH KOTOPHIX 2z = i—t—:—:— cR.
14+(a+bidi (1-8)+ai

IIycts t =a +bi. Toraa Gymem umeTs 2= T Grey — QFB—ai =

_(0-B+ai}(14+8)+ei) _ 1-v—a?+@l+b)+a(l—b} _
- (1+8)2 +a2 - (1+b)2 +a2 -
- 1— b2 — a2 2a R
+ i. Bumro, uro z € R Tosnsko mpu a =0,

(1+3)? + e {148} +a?
3Ha4HT, £ =bi.

Hrak, ronexo nmpu ¢ =bi Bepro, uTO 2 = %—1::% cR.

IIpu kakux 3HAYeRERX M A8 9ucas z = (m—1)+(m? —4)i cnpasen-
JIHBLI PABEHCTBA

a) z=%;
6) 2=-%?

Mycts z2=(m— 1)+ (m* —4)i, Torga Z=(m — 1) — (m? —4)i.

a) z=%,
) snaqut, {m— 1)+ (m? —4)i=(m— 1) — (m? - 4)i2(m? —4}i=0
m=2
Te | o o
6) z=-%,
anaunt, (m—1)+{m? - 4)i=—((m—1) - (m* - 4)i)2(m—1)=0,
Te m=1.

Orper: Jnz xkoMmrexcHoro yucas z = (m — 1)+ (m? — )i
a) z=7 npu m=2 mm m=—2;

6) z2=—Z% opu m=1.

Dpumeuanue. dus moboro KOMIJIEKCHOTO 9HCIA Z

a) z=%, ecmn Im(z)=0;
6) z=-%, ecnu Re(z) =
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I‘BOMBTPH'-IGCK&H HHTepIpeTanus
KOMIUIEKCHBIX YHCEJ]

Kak H3BeCTHO, MOMXHO YCTAHOBUTH B3aMMHO OJHOGHAYHOE COOTBETCTBHE
ME3KIY MHOMECTBOM BCeX AeHCTBUTeNBHEIX HHCeNd I MHOMECTBOM BCEX TO-
YeK NMpAMOil, KOTOPEIE HAZLIBAIOTCH YHCI0BON ocklo. To ecTh xaxgnoMy neii-
CTBHTENLHOMY YHCIY CONOCTABAAETCA TONBKO OfHA TOYKA NpAMON n Haobo-
POT, KadKAoH TOMKe MpAMOI COCTBETCTBYET SOHHCTBEHHOE AehCTBUTENEHOE
qncno. [osromy Kaxknoe koMnnexcuoe yueno (2;0) B3BUMHO OAHO3HAYHO
COMOCTABNACTCH ¢ TOUkot a Ha uncnopol ocH O H KaKI0e KOMILICKCHOS
qucno (0; ) pIaHMHO OAHO3HBMHO COIOCTABJIACTCA € TOUKOH b HA 4nCIOBOH
ocu Oy . EcrecTBenHo, Toraa kax oMy KOMILIEKCHOMY uncay (a;b) e3aum-
HO OIHOIHAYHO CONOCTABAAETCA TOuKa z(a;b) Ha OBbr1HOH KOOpAMHATHON
nmnockoeTH (Y, KOTOpas TOTIA HA3HBAETCH KOMRAEKCHOT RAGCKOCTIBIO.
Taxmum obpasoM, KOMILIEKCHOMY wdchny z=¢+ bi comocraBnsercs TO4Yka
z(a; ). Ocs Oy Ha3HBAEGTCH MHUMOL 0CHI0; HA
2 (asb) Helt pacnoIaraloTed Bee MHEMBIe 9HCAa z = bi .
o KommnekcHOS 4HEAO MOXKHO TAKIKE [IPECTA-
BHTb HANPBBJEHHHM OTpe3KoM (BektopoM) Oz,
rae To4yka () — HauaI0 BEKTOPa ¢ KOODAWHS-
ramu ((;0), a KOHeI BeKTOpA z — €CTH TOY-
Ka z(a; b). Toraa MHOXKECTBO BCEX KOMILNEKCHBIX
YHCEJI MOMKHO NPEJCTABHTE KBK MHOJKECTBO BCEX DAJHYC-BEKTODOB ¢ HAYSA~
JIOM B Hauale KOOpAMHAT.!

Y

o[ a

ChoiicTea reomerpnuecKkoil mHTEpNPDETALINMA KOMIIEKCHBIX YHCEN

— —
1. |Oz|=|z|. Heltcrerrensno, |0z = v/a? + b2 no teopeme ITrudaropa,
a ¢ apyro#t croponsl, z =a +bi u |z| =+va? + .
2. z B I CHMMETPHYHM OTHOCHTeNbHO OCH O%; z=a+bi u Z=a — bi.

AY AY
b 2 ] z
. -a L
] x a x

1Bnepnkie BEKTOPRY K METEPIIPETAINI KOMILIEKCHEX THCEST I8 AGTCKHA MATeMATHK
Becoems (1745-1818) B 1799 r. B kiure «O6 aHATWTHYECKOM IPEACTABIEHHN HAIPABJIE-
HHi».
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3.

Z 4 —2 NEHTPAILHO-CHMMETPHIHRI OTHOCHTEILHO Toukn ((0;0);
z=a+bi u —2=—a—bi (opaseiil pHCYHOK BRuIE).

Cnowenne KOMIMEKCHHX YHCET B BEK- y
TOpEOE (hopMe NOAMUHAETCA IPABIUIY by
NapanienorpaMmMa (SHATIOTHYHO TPABAIY
CTIOXKEHHS ABYX BEKTODOB). ,ILeHcrnuTenb- 2

23

1o, 02| = v/af +¥; 0zl = VaI 753

|0z3) = /a3 + b5; 2122—022 Ozl: B 2,

72k = (@2 — & + (b — 5:)7,  max -~
|z:73] moxHO paccMaTpHBATE KAk

PacCTOAHME MEXAY TOYKAMU Z; H Zp. a |0 o alﬁ

[lo nmpasuny napajenorpamma (cymma
KBAJIDATOB BCEX €T0 CTODOH PABHA CYMME KBa/PATOB €r0 JUarcHaJeit)

1022 = 2107 * + 204 — [ZE]
—
|07'3] = \/2('33 + bg) + 2(“1 +bf) - (52 —)? - (52 - bl)z =
= (aa + @2 + (b + b:)* = /oI + 3,

T.€. @3 =0 + a2} by =b + by, 4TO OZHAYAET OPOCTOS NOKOOPAMHATHOS
CTI0KeHHe, JHAUHT, CIOKEHHE KOMIIJIEKCHBIX MHCEA B BEKTOpHOH dropMe
OPOMCXOANT NO OPABHAY NapaLIeOorpaMMa.

|Z:25] = |22 — 21| — paccTOAHKE MeXKAY TOYKAMH Z» H 21 .

NOyere zi=a1 +hi u m=as+bi. z—z=(az—a1) + (b — b1)i,
Toraa |22 — 21| = v/(az — @1)2 + (b2 — 1), HO |2175| ecr paccrognue
Mexay TOUKeMH z;{ai;b) 1 2a(as;bs).

PaccmorpumM MEQGKECTBO BCEX TOYEK IIOC- AY
KOCTH, Jyis KoTopex |z| =R (R>0). Tax R

KaK [z]=+2T+ ¥ =R, 10 2%+ 9* = R?.

3na4unT, Boe KOMIMIEKCHBIE 9HCAS, A KO- _ p R
TOpBIX |z| = R, HaxXoAsTCA HA OKPYMKHO- 7 »
cru ¢ nerrpom (0;0) u pagmycom R.

OTMeTHM, YTO MHOMECTBO BOEX TOYEK \J
IJIOCKOCTH, ONPEAENEHHEIX YPABHEHHEeM -R| 2*+y* = R?

|z — z4| = R, ecTh OKPYIRHOCTS ¢ IEHTPOM
B TOUKe Z. Bonu zg(e;b), Torma
(c—af +(y— b =R

ITepBEIM reoMeTPHYECKYI0 MHTEDIPETAIMI0 KOMIAEKCHLIX SHCE] BBel B
1806 r. meefiuapckui matemarux 2Kan Pobepr Apras (1768~1822); Moxyne
KOMIUIEKCHOTO YHCJSA MOABMICH B ero paborax 1814-1815
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IIpaxmuxym 3

TIpuMeps! TEOMETPHYECKON HHTEPIPETATMHA a3

H4d KOMIIJIEKCHBIE STHCIIa.

3am13pnxona:rb 3ANAHHOE MHOMECTBO TOUYEK KOMIUIEKCHON MAOCKOCTH,

1. |a+bi|<1.

JaHHOe HEPABEHCTBO SKBHBAJCHTHO HEPABEHCTBY

val+ 8 <1 wm a®+ b <1,

OrMernm, uro

a) ypabnenue (z —a)® + (y — b)* = R? onpesenser OKpyKHOCTE pagu-

yca R c uenrpom B (}O0(a;b);

6) «®+y® <1 — Kpyr 6e3 KOUTYPa OKPYHKHOCTH.

2, 1<ja+bi|<3.
3 1z2-122.
Hmeem:

i o

Ab

el |

=y

/

i

ey
I"-- h\/\/\
133

,;/'

‘/..)_;: o

[(z—1)+yi|22 wm (z-1)* +3° 2 2%

~Y

-2

OTMeTHM, YTO 30eCh SAMTPUNOBLIBAIOTCA BCE TOYKH ILIOCKOCTH BHE
BHYTpeHHel! 4acTH Kpyra, BKIIOYAA U CAMY OKDYKHOCTh.
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4. |z+i|<1.
Hwmeem:

e+ (y+1i|<1 wm 2+ +1°<1.

5. |V2zFy+iyz+ 2y =V3.
Mr1 umeem:
| 2x+y+i1/a':+2y|= \/(\/2::+y)2+(\/a:+2y 2=
=+/22+y+z+2,

IIPHYeM, KOPHH CYIECTBYIOT, eClIR

a) 2z+y20 gas 2z +y;
6) s+2y>0 gan /T +2y.

Toraa,
(2z+y+z+2y=3
4 y2—2$

y=—xz+1
yz -2z

92—%:6

\

Orser: [AB], roe A(-1;2),a B(2;-1).
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Tpuronomerpuueckas ¢popma
KOMILJIEKCHOT'Q IHCJIa

HapecTHo, 4TO TOUKY IUTOCKOCTH MOXKHO 38JaTh PAIHYC-BEKTOPOM, T. €. IH-
HOll BeKTOpa M HaIpanyieHueM Bektopa: |Oz|=|z|; ¢ — yrom mexay
BeKTOpoM Oz . DOJOMKATEALHBIM HAIPABICHMEM OCH
0z, oTCUNTLIBAEMHIE NPOTHB YacoBOM CTpENKA, Ha-
anBaeTea 2a6tmM, ecne 0 € ¢ < 27 . Tnasnsii yroa b
@ HA3HBACTCH QP2YMEHMOM KOMITNEKCHOTO YMCAA M
ofo3HavaeTca ¢ = argz. MHOXKecTBO BeeX 3HaueHAN
ApryMEeHTa KOMINIEKCHOTO uicsa obo3navaeres Arg z: o
Argz=argz+2rk, kcZ,

Taxum ofipazon, ais KoMIekcHoro yucaa z = (a;b) (z # 0) nmeem

a=|ﬁ§|cosrp=|z|cos<p
b=|ﬁ§|sinrp=|z|sin(p'

BriAcHAM, Kak MOXHO HallTH 8IgZ = ¢ JTA KOMIUIGKCHOTO YHCIS, 2 B /-
reGpandeckolt opme 2 =a+ bi. Mu umeem |z| = va? + b?, nosTomy

s = VETE

a b N a b .
Ve w/c_c’+b2l) _l‘?:l(\/a"*+b2 * \/a’+b’*1)'

HAcuo, yro
1€ ==, 1€ —2—<1
Kpowue Toro,

(\/a2a+b2)2+ (_\/a?b-rbﬂ)g B

Otcopa cnemyer, 410

_ a
cosp = —m
L b :
o= e
CaenoBaTemmHO,

a__ . b
va2+b?  a? + b

PﬂOCMOTpHM BOGMOMKHEIC CHTYALIHH.

i=cosp+ising,
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1. Ecnm a#0, 10 tgeo= Es <P=arctg£,r,n,e P % + k.

= b _ - =I =—
2. Ecm a=0,T10 m—l,mmab—l ItpH 50—2+27rk,nb— 1
opH ¢p=—%+21rk.
a=0
3. Tax Kak paBeHCTEO =0 BO3MOXXHO TOJbLKO NpH b=0" TG YHCHO

2z = () TpUroHOMeTpHUECKOH (POPMBL HE HMEET.

Taxem obpazomM,

|z= |z|(cos @ + isin (p)—l

€CTh TPUTOHOMETDHYECKAs (OPMa KOMIIEKCHOIC uucas npu ¢ € [0;27) u

z#0.

IIpumep 1. TlpencTaBHTEL KOMILIEKCHOE vucio 1 — i = z; B TDHIOHOMeT-
puueckoit dopme.
¥roa ¢ nexur B 4-# 4eTBEpPTH, O 9€M FOBOPAT KOOPIIHATH AY
ToukH 2 (1;—1). Hmeem: |z] =+/1+ (—1)2 = v/2. Tlosromy 01
=
e 1 1. x
n=1 1—'\/5(\/i \/il) 1 2
cos = ‘/TE
SuauuT, = = — . (Heobxomumo, urober ¢ € [0;2x).)
s V2
sing = —-5-
Hrak, 1—-i= \/Q((:OSTI + 1sm~7i£)

Hpumep 2. IlpeacTaBATh KOMILIEKCHOE YHCIO 2z = —1 + /31 B Tpuro-
HoMmeTpr4eckoli dhopme.

Yron ¢ nexur Bo 2-it uersepru. Hmeem: || =4/1+ {v3)? = 2, nosromy
— _of_1, V3.
=—1+v3i=2(-1 + ¥2i},

s = 2
= (P=?.

3uaqur,
sinp=

Taxum obpazom, —1+ 3i = 2(0052?” +1i sln%"r-) .
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IIpaxmuxym 4

1. Brimojnwre geficTBHs:
1} i+ it i3 4+if—i2 -7 —i?;
2) (2+it4+i%)(i +i* +i%);
VvB+iv3
3) —F.
V3+i

2. Halignte x 1 ¥ H3 CHCTEMBI YDABHEHMI

(1+ i)y +0,5(1 — i)z =0,5(~1+ i)
(2—2i)y+2r=4

3. Beoruncnure:
1) -1
V3 _ V3,\,
2y (-9
141 )3
3) =3/ -
4. IlpeacrabhTe KOMIJIEKCHOE YHC/IO B TPANOHOMETPHH4ECKOH (opme:
1) 3i;

2) —v3+i;
3) 2;
1 .
Y g3
" cos2T 4 i 2
5 1 cos -+ isin g
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Pewenue npaxmuxyma 4

1. Brnoasare pelicrens
) P+ +if+i-iP—i"-1*=
=i-i2+(iz)2+i'(i2)2+(i2)3—i2— i(iz)a_(iz)-z,i:
=—1+(-12+i(-1)2+ (1P - (-1)—i(-1)* - (-1)*-i=
=—i4+14+i-14+14+i-i=1.
2) (PNt = (11 -(i-i+i)=(-1)i=—i.
3 V81iv3_(VB+iva(VE-1)
V3+i (V34 1)(v3-1)
_V6-v8+i-3-V6i—+3i? _3v2+3i—+Bi+v3_

3—17 3+1
_(3v2+2)+(3-Vv6)i _3v/2+2 , 3—V6,
= 1 = 2 + 1 1.

2. Halimare T 1 y H3 CHCTEMEI YDaBHEHHIN
(L+i)y+05(1—i)z=05(-1+i) [[1]-201-1)
(2-2i)y+2z=4 ' l.a+i °
21-iNy+(1—-ifz=-(1-i)

2(1— iy +21+1)z=4(1+1i)
(1-i?=1+1=2, (1-i)*=1-2i +i?=-2i), Torma

{4y—2iz=2i {:2'

gy+21+ De=40+1)" |[2]:2’

{2y—i:.r:=i ); @_;

2y+ (1+i)e=2(1+1

2y—2y+(1+i)r+iz=24+2i—1; (14+2i)r=2+1i; B= 157 50
2+i _ 2+1)(1—2i) _2+4i—4i—2i® _4-3i
1+2i  (1+21)1—2i) 142 5’

"~ 4-3i C 4—3i _ . L aen s
SHAYHT, = —¢ ,Torma 2y —i- 5 =1i; 10y — 41 + 3i* =5i;
10y=9i+3; y=3391

z=0,8-0,6i
Hrak, L.
y=03+09i
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3. Bumaucnure:
1) (1-1i)5.
1-i¥=01-i20-iP=(1-2i+i3)1-31i+3i*- i) =
=—2i(1-3-3i+1i)=-2i(-2 - 2i) = 4 + 4i.

Tloaszyacek TpeyroasHukoM [lackans, BcnoMHHEM kKosthdbunmeHTH
paznoxenns GuroMa HeloTona:

{a+ b)® = a® + 5a'd + 10’ + 10a2b® + Sab® + B°.

Ang a=1u b= —1 umeem:

(1-i)P=15=5.-1*.i+10-1°-i*-10-12. i3 +5-1.i - i° =
=1-51i—-104+10i +5—i=-4+4i.

2 (F-9)"

ITo dopmyne GuHOMA
{a+ b)* =a* + 4a®b + 60?0 + 4ab® + b*,

CeJOBATE/BHO, EMEEM

()5 (4) ol (B0 B

2 2 2 2 2 2
_(V3N_9 4.9 952 9 9o
‘(2 ‘) =1 16 T 15! 4'16 +1git=
9 _S__
16(1—41 +6(-1)—4(—i)+1) = ( 4)=-7=-22.
141
(1)

HoMroxKasa YHCANTENE ¥ 3HaMeHaTe s apobu Ha 1+ i, noaygaem

() =(H5=E) = (5) ==

4. IlpeacraBnTe KOMIUIEKCHOE YHCIO B TPHMOHOMeTpHYeckol dhopme:
1) 3i.

cosp=0
Taxlcaxi=0+1-i,'r.e.{ ) ¢ , TO ¢
gsinp=1

[NIE]

3HaumET, i = oos + isin — . Orcopa

r E  a E
31—-3(0052 + 151112).
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2)

3)

4)

5)

—V3+i.
Hmeem: |—v3+i|=+4/(-V3)2+12=3F1=2,
CJIeI0BATENBED, —\/§+i=2(—§+%i).ﬂmow
V3
cosp=—2= 3
2 | 5 tgp=-Y3; ,=5m
sing=1 3 6
¥=3
i = S5E 4 igin 5T
3HAYHT, —\/§+1—2(c056 +ising )
2.
cosp =1
Tak xak 1=1+0-i, e, ) ¥ ,To =10,
gsing =0
[osromy 1 =cos0+ isin0, seawur, 2 = 2(cos0+ isin0).
1
3i—-3°
Hmeem:
1 _1_1-(-1-1) Y S ol NP ¥ AR
3i—3 3(=1-1)(-1+1) 31-1? 6 :
Hanee, |-1—i| = /(-1)% + (~1)? = V2, &, s8aunT,
o _‘]___.]__.
—1—1—\/§( 7 ﬁl).ﬂosmuy
cosip=———
2 5
] = we=1 =%
Bing =———
YT
1 _ﬁ( 5m L o 5T
3HaYuT, 3I-3-6 cos4 +1sm4)
1—0082?“+ism25—“=
ll-—cos2a=2sinzai, [ sin 2ce = 2sin o cos x|
=282 X +1i-280F cosT = 28inF(sinT + jeosT) =
= 2sin 5 i 251115(:085 231n5(31n5+1c055)
= 25in” (cos3% + i sinS%
—231115 ((:0310+131111 )

Tak kak sin% > (}, TO 3TO B eCTh TPHTOHOMETDHYECKHN BUI KOM-

IIIEKCHOT) YHC/IA, T. €.

M | s 2M 4 s F Jr . . 3W
1 cos % +131115 —251115 (cosm+lsmm).
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Tpenuposounas paboma 2

BapuanT I
1. Bwmonkure JelicTBHS:
1) i3+i20+i30+'136+is4;
2) (i+ill+i21)(ial+i4l+i51);
-1+ iv3

2. Haiigmre T M ¥ ¥3 cCACTEMBI ypaBHEHUH

ir—2y=—i
(14 i)z ~2iy=3+1
3. Beunciure:

—((=8i)(2 —4i) — (2+ 4i)3i)

. . 2 1. 1+2i -
(1—1)(1-}-1)2—(3—51— 1__2;)—41

[5—i2 . £Y:126 :
|ﬁ—*l+(5+l)l —(2+31)‘

? IEEF - a)a- o]
3 Q+i);

—-14iv/3)?%,
v (=55)
2412y,
9 (555
i+ 2)?
9 (751 -
4. IIpencTaBbETe KOMIIEKCHOE THCAC B TPHIOHOMeTpHuecKoil hopue:
) 3
2) —2+2v3i;
3 2i;
4)

-1’
8r , . . 8«
5) 1+ms7 +isinTr.
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Bapuant IL
1. Bunosnure geltcTeis:
1) i+i2+i%+4i* +i%;
2) (P+iB+iB)(i%+ 1%+ i),

3) —‘/63‘_“1/3

2. Habawre £ m y w3 cucTeMul ypaBHeHH{l

(1-1)x—-05(1+i)y=0,5(— 1+1)
(-2+42i)z—-2y=—-4

3. Bruiymcnure:
(3i(2+4i) + (2 — 41)(=3i)) .
Q- - (4 i o) rai’

B o5 — )i - (2- 3i)|
2) I3 - 4i|? ’

(55 +4i)G+4) - 10-5i
3) (1-i);

0 (L),
) (50
0 (45)

4. IIpencrabuTe KOMIIEKCHOE YHCIO B TDHrOHOMeTpHuecKol dopme

1) 6i;
2) —vV3-i;
3) 4;
1,
4) 2i +2°

67 6o

5) 1+cos?+1sm?.



YMHONCEHUE KOMIAEKCHIT YUCEA 8 mpuzonomempusecxoll dopue 55

YMHOXKEHNEe KOMILTEKCHBIX 4HMCeI
B TPUTOHOMETpPHYECKOH ¢popme
Teopema. Ilycrs z; =|z;|(cosp; + ising;); 22 = |2z|{cos, +18ine,).
Tornoa
z - 22 = | |(cos @y + isineg) - |22|(cosps + ising,) =
= |z - |22|(cos gy cos sy + i® sing sing,; +
+ i(sin; co8 @z + sin @, cos ¢, )} =
= |21 - |22|((cos 1 COS P2 — sin ¢y sin 2} +
+ i(sin @) cos 2 + sin @, cos @y )) =
= |21] - [22)(cos{p1 + 02) + 1 sinfies + @2)).

BrmiBom |21-z2=|z]|" |z|(cos(p; + v2) + isin(p; + @2)) |

TIpu mepeMHOMEHMH KOMIUIEKCHBIX YMCE B TPHroHOMeTpudeckolt dopme
MOBYJH 4YHce] NePeMHOKAIOTCH, & ADIYMEHTH CKASAHBAIOTCS.
Cnenersue 1. TIpu z, =23 2, -2, = 2%, vae z, = |z |{cospy + 18ing,),
Toras 22 = |z |*(cos 2y, + 1sin2¢).

Paccysxnps aHANOTHYHO, ¢ MCIONB3OBAHMEM METOa MATEMATHHECKON
HHIYKOAA TOJYYHM TAK HAIRBAeMYD Teopemy Myaspa?

| 2" = |z|*(cosnyp + isinngp) ]

ITpn posBemeHHH KOMILIEKCHOrO HHCIE B 11-10 CTENeHb MOLYAL KOMILIEKC-
HOTO YHCJa BO3BOOUTCA B N-10 CTENEHb, & apTYMEHT YMHOXaeTcs Ha 7.
IIpumepsl ucnons3oBaHus Teopembl Myanpa. BreinoymuTe AeficTeua,
HCIONE3YA TPHIOHOMETPHYECKYI0 (hopMy HHCHA.

L. (1—i)(-1++3i)=

1-i= \/_(cos + 13111%”'- cM. npaMep 1 Ha crp. 48;
-14++/3i=2 cos? + 1sm2?ﬂ-), cM. mpuMep 2 Ha cTp. 48

- 2T 2r
= v":’(cos(‘—ﬁ) + 1sm(—£)) 2((:03— +isins= )
4 4 3 3
2A6paxam ne Myapp, anrnmiickufl maTeMarsy, uien Jlongoncroro Kopoaescxoro of-
mecTsa, a TeKXKe 91en [lapuxkckolt i Bepannckolt AH akanemum mayk. B 1707 r. sueen
OPABEJIO BOIREASHUS B 71 -10 CTENEHb W HIBMEYEHHE KODHA N -H CTeneHn 48 KOMIJeKc-
HEIX YMCeN, MDEACTABIEHHNN B TPHIOHOMETpHYecKol dropMe,
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({3 43 50(5 + )

- (ol 1 sl

]
2. (1—i)3=(\/§(cos +1sm7;f)) =2“(cos21r+isin21r)=2“-1=16.

3 (1+i)3=(v/_(cosz+1smz)) —8(00:3 +1sm—)
4. |z"|=|2|" (em. crp. 35).
IIpuseneM nmoxasaTenscreo nocnemeeft dopmynsl (paccMoTpeTs ero

HMEET CMBICA TIOCHE BBEICHNA NOHATHA TPUrOHOMeTpHuecKolt hopMel KoM-
IIEKCHOTO YHCAA H TeopeMul MyaBpa).

Oycts z=x+yi. Tomma |2|= /a2 +y? n |zl“— (Va2 +y2)"

HmeeM: z = |z|(cosp+ isiny), rne cosp = ::2—-{-;;2 H sing= \/zﬂ—Tyﬂ .
3uayuT,
|2"] = |)2|"(cosng + isinnyp)| = |2|"|cosnp + isinng| =

= (A0, (2] =|2l") = |2I"Voos nip + sin® rip = |2
Urax, [2*|={z|", 4. 7. & (|cosny + i sinnp| = v/cos? nyp + sin’ np = 1)

CamocToarensao AoKaxuTe GOPMYIY ACNEHAT KOMILIEKCHBIX YHCEN
B TpHroHoMeTprYeckoii dopme

2z lzl(cose +ising) |z

n i gi cos + isin{¢; — X
22 |z2|(cosps + isings) §22|( (v1 — w2) (1 (Pz))

21
Zgl

Zy
23

E

BubBoxm (cos{ip, — wa) + isines — ¢2)) |-

Ilpn peneHAM KOMIJIEKCHEIN WG/ B TPUIOHOMETpHYecKol hopMe MOMyIH
KOMILICKCHBIX YHCEN JeATCH, 8 WX apPIryMEHTH BEYHETAIOTCH.

Ilpumeuanne. llyerw argz,, argz;, argz;, ..., argz, — ApPryMeHTEI
KOMIUTEKCHBIX YHCEN Z), 23, 23, -~y Zp. LOCHA MOXHO AOKA3ATh, Y4TO
Argz) + &gz +AIgZs + ...+ QXL 2, = AXE(Z - 22 23+ ...+ Zy).

Kpome Toro, argz — argz = arg( %) ¥ argzl = nargz . XapakrepHo,
9YTO TAKMMH e cBoficTBaMH 00JI180810T MOTAPHGbMEL:

log, (19293 ... @a) =log, @1 +log, 2 +10g, s + ... +log, ¢n;
log..(i—) =log, ¢1 —log, ¢z; log, p]T =nlog, p:.

3aeck Y1 =aIg 2y, Py =AIE2Z, ..., Pn = 8IE2s-
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Ipaxmuxym 5

Bremomsmre peitcren:
m . o T m s Y
1. 3(0035+1sm5)-2(00620+1sm20),
I 7x
2. 2(0035 +1sm—) \/_( —+1slnE
3. 003-5—;'- —13111-5-5’1 ;
cosE —131115
%
4. (83— fl)(cos——lsmﬁ)
5. sinﬁ+1oosﬁ ]
1—1i i
(VB+i) |
(vV2+v2i)’

7. (V6 -V2i);
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Pewenue npaxmuxyma 5
Bemonnure aettersusa:

1. 3(cos—+1sm) cos5e +1sm20)_

z -z = |z |22|(COB(501 +¢a) + isin(p1 + ¢a))

(el + ) +00(3 ) -
_6(0051+1sm4) (‘/_ ‘/i)=3\/§(1+i);

2. 2(c033?1r + i sm%}r) ‘\/E(cos— +i sm—) =
|21|
el

A B = B)-

s T .
=\/§(cos£+ 1sm—) =\/_(£+ 1V/_) =1+ i;
4 4
3 t;:t:)esét§ - iEsin-‘r‘-’-EE
" cosp —ising

TaK Kk BHDAaXKeHHS B YHCJAHTEJEe W 3HAMEHATENe TPHCOHOMETDHYe-
cKoii GopMO KOMIVIEKCHOrO YHCIA HE SBJISIOTCH, TO )il HUX TE€OpeMy
0 JeNeHHH NPHMEHNTE Henb3d. [IpencTapHM BHpaXKeHHA B YHCHHTENE H
SHAMEHATE/IE B TPHMOHOMETPIYECKOH (hopMe KOMILICKCHOTO YHCIA.

Bynem nmers,

0055—"'r -1 smsﬂ = oos(‘;r - 3%1-) - isin(ﬂ - 3~—-7r) =

(cos(ior — @2) + isin(py — ¢a))

) 8 8
o5 i inT = —(cos + i sadT).
= coss 131118 c0e38+1$1118
AHaJOrH4HO,
R _In _--(_7_’»'1')_
coss 181118 —COS(?T 3 isin|w 3=
7 ) s gnT1).
(oos A + isin 3
Toroa
oo iinf (o ion) ol ionE
cosZ—isinf —(oos%”+isin%') cos X +1sm-'r8'r
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—cos(Sﬂ- )+1sm 3; %) =

- 5) v isn(-) =

Buumanue! IIpn geneAun MoKHO NONMYYHTHL YHCIO He SBIAIOIIEECS
TpUroHOMeTpH4YecKol (opmoil kKoMiuiekcHoro yncna. Ha pesyasTar 3to
He BJIMAET.

4. (3 \/51(03——13111?—;) |+ yi| = 22 + 32
a) 3—-V3i=

—2\/_(\/_ ) 2\/_(cosllﬂ+ i sin11%

6 6
6) cosﬁ - 13m?—g
=cos(1r— i—g) — isin( — %) =
(cos% +i mn%)

Torpa {3 - \/51)((:05— - 1sm?—72") =

= —2\/_(603— +i sm—) (cos— +i mn%)

= —2f(cos(51r + ?27) +i 311:1(5;r + %)) =

= —2\/_(60327—7r + isin %) = —2x/§(cos% + isin%) =

—vB(1 + 1).

. Sln +100612
1—-1i

; —sin{T — 5%\ L jeos(® - 57 =
2) singg +icosfy = 3‘“(2 12)+‘°°S(2 12)
%4

—cosﬁ+ 1311112,

TeNeph 9T TPHIOHOMETPHIeCcKast (PODPMa, KOMITJIEKCHOTO UMCA)

6) |1 - i|=+/12+(—1)2 = V2, mostomy

- %1) = \/5((:03'-7jz + 13111741‘-

1-i=v2

(3
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7.

3HauHT,

. T Br
31n12+1oosl2 oos +1sm12

\/_(cos— + isinZX -

(V3+1)

gy, Y3+ 1)° _ 2(eos(5- §) +isin(5- §))
' (V2+ V21 i

=—%(cos—+1sm ——(—— —) \/5 i}.

(V6 — V2i)8.
VB —v2i =2\/§(% - % ) 2\/_( 11” +1i smllﬂ')
(VB — V3i)’ = (2\/§)e(oos( lé“) +isi ( 11”)) -

= 2%(cos(—m) + i sin(—7)) = —2% = 512,
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2 2 A8

5. (2-21).
373

4,
3
- ) (cos— +i sm5—ﬂ

wled
|
BN
il
=Y,
+
ok

1- -4 ;
12 - () (65 -
- (2 (ot st - (3 (- 59)-

-3—3(1 + V3i).

9. (1+008 +131n2§r).

Bripakenme 14 00&3-2~3E +i sm%ﬂ' HE fIBNAeTCH TPUTOHOMETDHIECKON

dopuoit xommexcHoro 4mncna. Iloneaysce ¢opumymolt 14 cosla=
= 2 cos® @, IONYYUM

2T 2T 3T, » T T
1 22 == = —_ . — _=
+c0e33 +131n3 2cos 3+1 2311130033
= i T tisinE) =cos™ + isinZ
—20063(COS3+151113) cos3+1sm3.

Toraa (1+cos +1sm2;') (cos +151n§)6=

=cos{6- 1) + isin(6-Z) =cos2r+ isin2r=1.
(65) + 1sm(65)

10
10. ( —sinZ +i E) .
0. [1—sin 2 + 1cos 1
Bripaxkenne 1 — sin% +i cos;—r He ABNAESTCA TPATOHOMETPHEYECKOl hop-

Mol KoMmexcHoro 4aciaa. [loneaysce dhopmyno# 1 — cos2a=2sin’ o,

NOJIYHM
—8inTE LiensT =1 —eas™ +igin® =
1 sm4+1oos4 1 eoe;4+1sm4
= 2gin? §+1 2s1n§cos§—2sm— sm—+10038)
= 9gin® (sin(® _ 3% T _ 3T\
—251118(3111( )+ICOB(2 8))

=2sin< (co‘e;:%‘r + 1sm3§)

ool
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3naqmT,

. '.'rm_( . ( 3 37:))
(1 sm4+loos4) = 2sm8 c038+1sm8

=295in'® T (c0s(10-3T) + isin(10-87)) =

1 —cosZ 10 1 1
=21°( 7 ) (coe;ﬂ + isin 5") =

el

4 4

1- 2\*
(F) (ol s anlt) =

NI&
NI&

i);

(2—v2)* =25 —5.2v/2+ 10- 25(+/2)* — 10- 2*(+/2)* +
+5-2(v2)* — (vV2)° =32 — 80v/2 + 160 — 80v/2 + 40 — 42 =
=232 — 164v/2;

(2- \/Q)s(g - %1) = (232 - 164\@)(% - gl) =

= (116v2 — 82)(1 — i).
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Tpenuposouras paboma 3

BapuauT [. Buinonnure aettcThud:

1) 2(eos£+isin6) 3(cos +1sm12)

6 12
2} (cos25ﬂ + 1sm2?7r) (cos‘;'—o + 1sm§0 ;

c:cne;-—--+1snn3;r
) —
cos 3 + isin <
4) (\/_+1)(oosﬁ+1smﬁ)
cos 1 +isinp
12 .
5} 15+1 ;
(1+1)°
6) =)
7 (1—iv3)%,

3 ,\/ﬁ_ 10'
9 (3-%1)
9} (1+1)*1-iv3)*;

=1+ 3n —1—i n
10) (_4;1,/5) + (—2“/5) (neN).
Ba.pna.HT II. Bemomnure neifcTeud:

1) 10 cos— + 1sm—) (5((:03— +i sm4))
2) (0033 + 1sin5) (oosig +i sm%)

3) ;
cos T +1sm§

3 3 T, Y,

4) (1+1)(0¢:'s8 +1sm8)(c058+1sm8),

5) ﬁ,

6)

7 (V3-1i)%;

4

8) (ﬁ §');
{

10) (M)z“ + (M)z" (neN).
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TI'eomeTpuyeckmii CMbIC YMHOXEHMS
KOMILJIEKCHBIX YHCEJT

1. VMHOXeHHe KOMINEKCHBIX YHCE MMEET CAERYIOMHA reOMeTPHIeCKHE
cMeIca. Ilyers

z1=|z1|(cos ¢, + ising);
22 =|2zz|(cos 2 + ising,).

[Io Teopeme, JOKAZAHHOH panee,
=z-z=|zn|: |Zz|(003(§01 + 1) + isin(p) + (,02))

Tak xax

1) |21 - 2z =|al - 22| = 2]

2) arg(z - zz) = arg(z) + arg(z;) = arg(z,),

TO TeOMETPHYECKH 3TO O3HAMAET,

4T0 TOuKA 23(%sjyy) DomydaeT- 4Y

CA MOBOPOTOM TOYKHA 73(T3;Y2) HE 2 (253 y3)

yron ¢, =arg(z) ¢ LEHTPOM B Ha- (x.3 4,)
yane xoopaunar O(0;0) u pacra- 72\ X33 Y2
enneM (coxkaTHeM) B Ky = |z1| pas,
WJTH K€ IOBOPOTOM TOUKH Z1{T1; ¥1) z(xsy)
HA Yroa (= arg(z;) @ pacrsoxe- 0
nueM (oxaruem) B ko = |z3| pas. v
TMockoneKy z - 2z = 2z - z; , BIGOD 0 z,(1; 0)
MEFK/Y BSTHMH JBYMSA BApPHAHTA-

MH — 3TO BOIPOC ya0bCTBA.

JITs HOCNAJHOCTH DAccMOTPHM TOUKY 2{1;0) H TpeyrojsHuke
AOzyz, AOzzy

ol _[za-a] _(zal _ |zl o as] _ L2l

= = , TO 1 = 1=,
|1 ENS 1 EN |z1] |20}
2. OueppaHo, uT0 £2:023 = £2,02z = arg(z) = ¢, ; Toraa

rY

1. Tak Kak

A Qzyz ~ A Oz,

9T0 IMOKA3LBAET KK Me0OMeTPHYeCKH NOCTPOHThE TOYKY 23 MO TO9-
KaM 2z, 23 H Zp.

IMlpumeyarnue. Ecan k> 1, To nonyuaeM pacTs:KeHMe B k pa3, eclu

k < 1, To nomyuaem CKaTHE B % pa3 (k>0).
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2‘

Npamep 1. Ilyets 2;=2 u 2z,(z;4)- Hocrpouts 23 =12, - z3.
TMockoasky |z =2, arg(z;) =0, yMHO)XeHHE HA YACNO z; — ITO NPOCTO
pacTseHue B B4 pa3a {PUCYHOK ClieBa).

AY
AY 2,
..“..A...ys
Ys
i PZ S I A . 2
0 X Xg x xa 0 5 X

Iipumep 2. Ilyers 22 =21 u z{z:;) . HocTpolite 23 = 2, - 22
Tak kak |z|=|2i|=2, |z|=2|z]|, a arg(2i) =90°, To ymnoxenne
Ha KOMILJIeKCHOe YueiIo 2i reoMeTpHYecKy 03HAYaeT MOBOpPOT Ha 90° H
PACTSKEHHE B JBS pa3a (DHCYHOK CIIPaBa).

JeNeHne KOMIJIEKCHRX 9YHCEN MMEET COenyoimMii reoMerpuiecKri
cMEca. Ecay KOMIISKCHBIM YHCaaM

z = |z |({cos @ + ising );
23 = |z5|(cos oz + isin,)
COOTBETCTEYIOT BEKTOPEI OM, u OM;, 10 YACTHOMY

2 _ &l

= Tal (cos(ir — a) + 1 sinp; — @)

W —
COOTBeTCTBYET BekTop OM , nonyyatommpiica u3 sextopa OM,; noso-
POTOM HA YroA (p; B OTPHOATENLHOM HATPABJIEHHH M CXKATHEM B |z

1
Teal pa3, ecmn 0 < |z] <1

pa3, eciii 22| 2 1, win e pacTsaXKeHHeM B
(oM. pECYHOK).

Al

>
»Y
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3. CxanspHOE MPOM3IBEACHHE BEKTOPOB B mﬂuexﬂgﬁ dopme.
BripasuM CKaliipHOe npou3penchue BeKTopos Oz # Oz depes Koop-
JAHHSTH KOMIUIEKCHEX YHCeN Z, H Zz (PHCYHOK (JIeB& HAa CTp. 65)

=+l wm=z+pi

HasectHo, uto ecm @ (21;41) ?(itz;yz)s TO

_)
b =& L2+ Y-

— —
1) Torma Oz - Ozz =21 - T3 + th - ¥2. C Apyrolf CTOPOHH,

2Ttz -T=(@ i)l — i)+ (@ +rRi)e —ni)=
=823 + i + (122 — )i+ 220 + iy
— (&2 — yam)i = 2(21902 + 1ya)-

Takum 06pa3oM, MB NDHXOOHM K BBIBOAY, UTO

— —»
021‘Ozz=%(z1 “Zg+ Zz'z_l)

roe Z — MHCIO, CONPAMKEHHOe YHCIY Z.
2) Hanee paccMOTPHM TDOHIBOJLHME TOUKH 21, %, Z3, 24 YUHTHBAS
NpeIpLIyInyi BHBOA, IOIYYNIM

7% 57 = (Om — 02,)(07 - Oz3) =
=020z —0n - Ozs— 0z Oza+ 0z - Ozy =
= T+ T~ 21 Ta — 20T~ 2% —
— 2R+t a Gt zEh)=
(21{24 B -2G-Rt+u@m@-7) - nEm 7)) =
=§(32_21)(5—5)4'(24“za)(z_z—z_l))-

Taxum obpa3om,

73 = 4((n - 2)(@ - %) + (@ - 2)(FHm - 7)) |

n==z
Ipn {;_;’ nMeeM 7232 = (2 — 21 )(Z5 — &) = R2.
2 = 4“4
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Ilycts 2; = z — npowzBonkHoe gHcno. Toraa nony@M ypaBHEeHHE
OKPYHHOCTH

@z =|(z - 2)z - &)= R?|,

rae z(%y;41) — UeHTP okpyxHoctH, a R =[ZZ| = |2 — z,|. Ecmn
2,{0;0), To nofy4aerca z-Z=R? — ypaBHeHHEe OKPYKHOCTH ¢ [EH-
TPOM B Hauajle KOOPOMHAT.

4. IIpnnoxkeHne KOMILIEKCHEIX YHCEJ B 3JIEKTPOTEXHHUKE,
KoMiuekCHbIC 9HCIA IAPOKO HCIOIBIYIOTCH B 3JIEKTPOTEXHHKE {CUMBG-
JIMYECKMI MeTOI) AN pacyera Ueneli NepeMeHHOre TOKa, COAEPKALNIX
AKTHBHHE (PE3HCTOPEL) ¥ DESKTHBHEIE {MHAYKTHBHOCTH M KOHGHCATO-
pel) 3nementsl. B wacTHOCTH, e pacyera conporusaenns nend. [Ipo-
HILIIOCTpADYEM STO Ha IPHMEpE.

Iycre vy =5 Om, r,, =15 Om, 15 =12 Onm, 1y, =16 Om, v, =10 Om.
Heobxonpmo maftTu conpoTuBneHue peell Iieny.

Comporusnenue Ba yaacTre nenn AB oboznasmm Z,; . D10 conpoTHBIe-
HHE MOXHO NpeACTARNATE KOMIIJIEKCHBIM YHC/IOM, TAK KAK OHO COCTOHMT
H3 JOBYX He3aBHCHMEIX BeNHYHH, 8 HMEHHO — AKTHBHOH v, H peak-
THBHOH 7., , 3aBHCAMEHd OT YACTOTHI TOKS H €MKOCTH KOHJEHCATODA:

oy = w-16‘1 . AHMIOTHYHO Ty = w;c,s . 3pech w=2wf — Kpyroeas
YACTOTA.
AY
AY Z,
r Ty i
g x I
r (1] r, x
Z

Mbl nomyuaem Z; = (r1;7.,) =7 — T, 1, IOCKONBKY JJIsi €MKOCTHOLO
COTNPOTHBJICHHS] BEKTOD PESKTHBHOTO CONPOTHRICHHMA OTCTACT HA =

2
{pHCYHOK ciieBa).
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Ha y4actke BD, umeeMm r, =w- L, . UnaykrupHoe conporrenenne one-
PEKAET AKTHBHOE COMPOTABJACHAES Ha, % {pecyHox cnipaBa Ha cTp. 67),
MO3TOMY

Zy=(rajr,) =T+ 1,i =13 +wlai.

Ha yuactke BD, nupucyTcrByer TONBKO EMKOCTHOE CONPOTHABAEHHE
Z3 = —Tgsi
Taxum obpasom, Z; =5 — 151 Om, Z; =12+ 161 Om, Zz = —10i Om

- 22-23 |
Jlnd napsanensHOro CoOSARHEHHA Zo_g = Tt Zs

(12+16i)(—10i) _ 160—12i _ 80—6i _

Z3 3=

124161 —10i ~ 24161  1+8i
:(80—6i)(1+8'1)=80—48—688i=32—688iou
1— 8i? 9 9 )

Jna nocrenoBaTeNnsHOTO COSAHHEHN A

Z1_3=Z1+Z2_3=5—15i+%2

4513514326381 _ TT—E%I o,

AnanoreaapM 00pa3oM KOMITIEKCHEIE YMCIA NPHMEHSIOTCH A/ BbIpa-
JKEHHS JDYTHX XAPAKTEPHCTHK 3MeKTPHIecKnx neneh.?

3B reopnw nepemennLix Tokos Merod Beener Lrefinmennom, a 3aten p Poccnu akane-

muxom B. @ Murkepauem. Cwm. JI. A. HYacroenos. «Suexrporexunxas M.; Buciraa wxo-
na, 1989 r., H. H. Jobporropckuti «Teopra snexrpaaeckix nenefi» Pagao a case, 1989t
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N3BeueHne KOpHA n-ii cTeneHn
M3 KOMILJIEKCHOI'O 4HCJIa

Teopema. Ilycrs 2" = z. Torma
2= ¥/ |zo|(oos%2ﬂk +i sin&nzﬂk), e keZ.
JefCTBHTENEHO, MEI HMEEM

#p = |z|{cos o + 18ing);

z=|z|(cos¢ + ising);

2" =|z|"(cosnp + isinny).
W3 papencrsa 2" = 7y cneayer, 9ro |z| = |27|; |z] = V%!,
H cosny + isinnp=cospy+ isingy, T.e.

{ CO8 N = C08 g

. . = nw =, + 27k,
Sl n = sin gy

@0 + 2k w0
OTKyHg p= (xaK MBI YBEOMM 0HO3Xe, Yroi “> MOXKHO pac-

CMATPHBATE KAK YIOJ IIOBOPOTA BEPOIMHN NPABHABHOTO MHOTOYTOJIBHHKS
OTHOCHTENbHO ocH O ).

Taxum obpazom, dopmyNna BHYUCICHUA KOpHA n-# crenenm (n€EN,
n > 1) U3 KOMILIEKCHOPO YHCIIA Zp MMEET BHT,

2= |zl (cos%m + isin%m) , kel

PaccMoTpuM npuMepH HCHONB30BaAHHSA TEOPEMEL.
Tpebyerca HaliTH Bee 3HAYEHNS KOPHS 7t - CTEIGHH M3 3aJ[AHHOTO KOM-
IJIEKCHOTO MHCJIA.

1) vV-1=/]-1|(cosm + isinm)=1- (cms%ﬁmc +isin%m).

Tak xak |—1|=1 u —1=cosm + isinm, To

zk=mﬂ+21rk + isin Tt 27k
2 2
Mpu k=0 cos%+isin%=0+i-1=i;
mpuk=1 cos™ 22“ + isin”‘;% =0+ i(-1)=—i.

BrpoueM, 370 66110 M3BECTHO U paBee. Mu1 mpocTo yleARIHCE, uTo dop-
Myna pabOTAeT,
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2) Vcos100° + isin100° = cosw +i sm% =
= cos(25° + 90°k) + i sin(25° + 90°k) . Bee 3naqennn kopaeit nomy M,
npuiseas k 3Havenua 0;1;2;3.

B sanpHetimenm sy yao6cTBa MBI OYEM HCIICAB30BATE COCIHAUEHHE

En = cos(%) +i sm(%‘) .

MOXHO JIOKA3aTH, 9TO BCE KODHH CTeneHn 12 u3 1 BHIDAXKAIOTCH 1epes €, -
o . S - . -1
V1= {1e,;62%;¢2;.. ;en).

Kax roBopAT MaTeMaTHKH, KODHH B3 1 OODE3YIT YUKAUNECKYI0 2PYNNY;
€, HASLIRAETCH NPLMUMUEHMAM WIH REPEOOGPIIHEAM KOPHEM CTENeHA 1,
ecm " =1m £5#£1 opu k=1,2,3,...,n—1. [Toxaxem, KaK MOKHO HC-
NONB30BATE HEePBO0SPAIHEIE KOPHHN [JIA PEINEHHMA YPABHEHMH, HA IPAMEPAx
HAXOKJIEHHA KOpHelt 1-# CTeNeHH M3 KOMILIEKCHOTO HHCHA.

3) 22=1. Umeem: 2, = V1= {/[1|{cos0+ isin0);

%= cosLE2Tk | gin Ot 2mk o 2mk + isin2%k
3 3 3 3
Ilpu k=1,2,3 moaymm
2 L. 2 3.
k=1, zl=cos§+1sm?ﬂ=—%+‘/?_1;
k=2, zz=cos(2?ﬂ—2)+isin(2?ﬂ-2)=
_1_V3._ e
5~ g V=23
k=3, z=cos(2-3)+ isin(%3) =
=1=2z.
w2
Ilockoneky €3 = cos- + isinSr =z nepBeoBpPa3HEIN KOPEHb, MBI

MeeM zz =X M z3 =€} =1, ne. ¥1={1;e;el}.

Orser: {1;——1——f-ﬁ'—l - @}

Kopsu ypaBHeHNs 7™ = 7y KpPacHBO MHTEDHNDETHPYIOTCA KBK KOCODIMHATHI
BEPIIAH NIPABHJIBHOTG 73-YTOJNBLHEKA, BIMCAHHOTO B OKDYKHOCTL DaJnyca
%/|z0] ¢ senTpoM B Hauane KoopAHHAT.
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4) 2*=1. Tak kak 1=c0s27 + isin2m, T

2= V1= 1. (cos2m+ isin2r);

_ 0+2xk , . . 0+27rk)_ 2xk | . . 2mk

;.";‘,—|1|(cc|s——‘l +isin=——rF— )} = cos== +isin=;
(ef,‘=cos-2:—k+isin¥).

Ilpu k =1;2;3;4 Mbl nomyunmM

k=1, z1=cos%+isin%=i=e4;
k=2, zy=cosm+isinm=-1=¢%
k=3, z3=cm3?ﬂ+isin3?ﬂ=—i=si;
k=4, zy=cos2r+isin2r=1=¢l.

Taxum obpasoM, +1= {ea; €333} nam V1= {1;e4;€3; €3}, rae £4=
=i — nepeooOpazHbIN KOpPeHE.

Oreer {l;i;-1;-i}
5) z¥=—1. Kopuu Taxoke moxno Halttu mo obweit dbopmyne. Hmeem:
2% = /(12 4+ 02=1; —1=1{—1+40)=1{cosw + i sinx). nauur,
=T = 1oos TH2TE . i T+ 2k,

IIpn k=0;1;2 nonyuaem

k=0, zl=m%+isin%=%+§i;

k=1, zg=oos”§2ﬂ+isin“';2ﬂ=
=cosw+ isinmT=-1;

k=2, za=cos&f+isin”—'§i£=
=cos%r+isin5?ﬂ=%—-—2§i )

Ormernm, uro % — YTOJ NOBOPOTA TPEYIOJBHUKE 22323, B 0DHIEM
CAYTae ITOT YTOJL PaBeH % , D€ (op — APTYMEET KOMILIEKCHOTO YMeaa,
H3 KOTOPOrO H3BJIEKAETCA KOPEHb.
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IprMedas us

1. Quesnzgo, 9TO paBencTBo z® = —1 paBHocwibHO paBercTBy (—z)% =1,

M Torma z=—+1, T.e. JIA KODHA HEUETHON CTEMEHH 3HAK «Mu-
HYC» BCEr8 MOXKHO BLIHECTH 3a 3Hakx Kopusa. Hanpumep, Tak kax
3,
N= {1; 23; €%}, r,ness———+‘/_1,£3 %—%1,‘1‘0
o= (- B )

2. OxaspipaeTcd, ANA HAXOMKICHNA KOPHS 1 -l CTENEeHN H3 NPOH3BOJILHOrD
KOMILIEKCHOT'Q YHCIE MOXKHO HCIOJIB30BATE IEPBOOOPpA3NEIe KOPDHA -1
creneny u3 eauuuupl. [IycTs 2z, — omno U3 3HaueHundl (KopHed) /zg.
IokaziceM, Kak HafiTH Bee OCTAITbHBIC KODHI V% .

Ilycrs 20 =25 u 27 = zo,'mmm( )—-—-——=1.

3uauuT, 25 =1:27, e 2= ¥zp» —\/_ \/_—z1 1.

MeI npHx0nEM K BHIBONY, YTO
. —1
V70 = {213 21803 2182 2182 .y mEn )

Pemerue npumepa 5) @AMOCTPHPYET 3Ty HAEK.

3. 3anaua nMpeAcTABNICHHM 3HAMEHHS £, B (oOpMe, cofiepiKamedl TOMBKO
KBAJAPATHEIC KODHM, KaK HANPHMED BbIDAMXKEHME NIA &3 , ABIACTCH AJ-
reSpandecKHM SHAJIONOM HIBECTHON re0MeTpHEYeCKO 3a0a4H:

ENUCATND NPIAUADHUT 71 -Y204PHUK 6 EOURUNHINO OKPYNCHOCTAD NIPY RO-
MOUY MOALKO YUPKYAR U Aunetixu.

9o nmocTpoeaue GyAET BOSMOKHO B TOM H TOJBKO B TOM Clydae, KOraa
Mb{ YMEEM CTDOHTE OTPE3KH JJIHHLI €08 2— H sin 2— . OkazbiBaercs, 310
BOGMOMCHO TOT/A H TOJALKO TOTAB, KOI‘JIB yxaaa,nuue YHUC/Ia MOTYT GHITH
NpPEACTABICHH B opMe, COIepRKAITeH TOMBKO KBATPATHLIE KODHH,
Esknng gaet B cBoeli kunre «Havana» nocrpoeHue aaa n=3,4,5,6, 8,
10,12,15.

OueBHzHO, 9T0 DOCTPOEHKE BOIMOXKHO O J0GOr0 3HAYEHHA 7, KO-
TOPOE PABHO OJHOMY W3 TPHBEJCHHBIX 3IHAYEHAN, YMHOMXKCHHYIO Ha
KeKyio-1u00 cTeneHb 49nciaa 2. OOHAKO CYWECTBYIOT M APYTHE YACT-
HEe 3HAYEHHS 1, OIA KOTOPLIX IOCTpoeHMe Bo3MoxHo. [ayee moxaszan,
9TO MOXHO HOCTPOHTE NPABHILELIE 7-YTOJIBHMKH, KOTZS 7t — Npo-
croe uncno sume n=2"" + 1. Takops npocree yncaa 3, 5, 17, 257
H 65537, nonyuaromueca npu k=0,1,2, 3,4. ¥VBbI, A0 cHX DOp He W3-
BECTHO, CYIECTBYIOT JIM JPYTHE OPOCTHE YHCAR, IPEACTABAMEIE B TAKOH

dopme.
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IHpaxmuxym 6

Peumre ypapHeHus M M300pasHTe BCe KODHH KAK BEPIINHH NPABHALHOTO
1 -YyTONBHHKA HA KOMINEKCHOH ILI0CKOCTH.

1. z8=—i;
2, 2% =8i;
8. 2=-i;
4. z*=16i;
5, 24=-1;
60 Zs=64;
2% =—64i;
=i
2f=—1;

10. 25=-32.
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Pewernue npaxmuxyma 6

Pemute ypasBeERsa B A306pA3ATE BCe KOPHHM KAK BEPIOIMHEBI IIPABHIBHOTO
n-yNJNIBHAKA Ha KOMILIEKCHOH DIOCKOCTH.

1. zt=-1i.

Hmeem: —i = cos%“r + 1311132“ (|—'1] =1}

an
3 3 +21rk . 5 t2nk
Zp= 1/(‘.‘082 ~}-1sm2 —008—4 +isinS——yj

% s (aymepanus KopHEe#H MOxeT HAMHATECA B ¢ k =0). 3HawuT,

k=0, zo—cossgr+1sm38ﬂ,
k=1, zl—cos78 +1sm7gr
k=2 zg—cosllTﬂ-+1si léﬂ,
k=3; zs—cosl‘g’r+1sm13w

YUHTHIBASA, YTO

1+cos —g 2—3/5
cos— v 3 7

3w _ 1- cos 2+,/§
sms 2
TO/TY4aeM
2—vV2  V2+V2. __V2+V2 V242
73 T g b ATt
V22 V242, . V242 V2-
T2 T g & BT g T 3

IIpumevyanune Huoraa kopuu yno6HO OCTABUTE B TPHIOHOMETDHYE-
ckoit, a HHOLNA B anrebpandeckoit dopme.

2. 2*=8i.

Hmeem:
" m st Y.
81—8(cos2+1sm2),

m ™
=+ 27k =+ 27k
=22 E isi E= —2..—-—-—-—.. isi 2—
F 21/cos2+1sm2 2(003 3 + isin 3 )
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CneaopaTebAC o _

HEHHA OoJiydacM IIpH

H R=2 — paauyc okpyxHocTH. KoprH ypan-
=0;1;2:

a9

k=0, 20=2(008£+isin1) =

6 6
=2(ﬁ+—1) \/_+1,
25 s AV
k=1, zl=2(cos 1r+1sm—w)_
=2(—‘/§+li)=—\/§+i;
2 x 0 X
k=2 z= 2(cos—+1sm—)~* r
i
=2{0—1)=-2i. Zy
3. 2=-i.
Wmeem: —i=cosE+1sm3—ﬂ,
2 2
3n
I I +2‘.-Tk L. ?4-2‘.'1"6
zk' 1fc032 +1£i1112 = CO8 3 +1£¢1n~-——-—-——3 .
Bpaunt, L2 =Z% 4y R=1 Kopuu ypasHenus:
] n 9 M " zo“y
n
k=0, zo=cos%+isin%=i; 2
n 0
k=1, z= cosT—ﬂ-+1sm71r— ‘/_—li; x
6 6 2 2 2 2
_ 1ix Ur _V3_1
k=2 =zn= 0036+151n6—2 3
4, z*=16i.
Nmeem: i=cos£+isin£;
2 2
m m
= + 27k 5 +2rk
— a o Ty P e . D
Zx \/16(c052+1sm2) 2(003 7 tisint— )

TaxuM 00pazomM, %’ = % u R=2. Kopan ypaeHenus:

8)_2(»/2+f V2 - f)=

k=0, z= 2(0038 + isinz

_\/2+\/_+\/2 V2i;
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k=1, 21—2(cos5§r+1sm8) ( \/2 ‘/§+\/2'2"‘/§i)=

=—\/2—\/§+\/2+\/§i;

k=2, 22_2(0039;+1m8) ( \/2+‘/_ \/22 )_

=—\/2+\/'—\/2—

_ 1ix 1ix
k=13, 23—2((:03 3 + isin—=— 3 )

(\/2 V2 \/2+\/_)
=y2-vZ- 2+ V30

1

5. z=-1.
HMeem:

—1=cosm+ isinx;

Z = Veos W + Tsinn = cos T 27k +isin’r+2wk.

4 4
3uawrr, % =L—r m R=1. Kopun ypanHeHnas:
k=0, z =cosZ +isin% \/_ ‘/_
4 4 20 n
_ 81 i gin3T = _£ £-. 1
k=1, =z= cos4+1sm4 > + 2 1 0 .
k=2, z=cosO +isindT _ﬁ_ﬁi;
4 4 2 2 z, 2z
k=3, za-cos?—?r+1sm £—Qi.
2 2
6. 26=64.
Vmeem:

64 = 64(1 + 0) = 64(cos 27 + isin 2r);
_ s A _ e+ 2nk | . . 2m 4+ 27k
2y = \/64(cos21r + 13111211') = 2(003—6 -+ 13111—6 )

3HauwT, % = % u R =2. Kopuu ypasHeHus:

_ _ Mo e MY -
k=0, 20_2(cos3+1sm3) 1+ v3i;
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k=1, zn=2 cos%’r-!-lsm%r =—1+\/§i;
k=2, zg=2(c031r+isin1r)=—2;

k=3, z=2 cos—-!-lsm—):

=-1-—\/§1;
k=4, Z4=2(COS5?“+13 5%):1—\/5i;

k=5, z5=2(oos21r+ isin21r) =2,

T. 28=—64i.
Hmeem:
= 3r 3r
—64i —64(cos 2 + isin ) )
3% 3
e 37 3\ _ Stk 5 +2rk
%= \/64(003 5 + isin=— ) = 2((:03—6 +1 sm—6 .

3uaynT, % =T 4 R=2. Kopuu ypaerenns:

4
(cos—+131n ) V2 + V2i;
(cos—+1mn—) \/2 \/_+\/2+\/§1,

k=2, z= (cos-l-lﬂ-;-lsml-l—q) \/2+\/_+\/2 V3i;

k=3, 23=2(003%'T+ 13111%”) =

=—v2- \/§i;
197 19x

k=4, z2a=2 COSE"‘ISIIIE)—

=\/2 V3- \/2+\/§i-

5 2 2(c0s2T 4 23T
k=35, z,-.—2(c0312+1s 12)—

=\/2+~/§—x/2—

(3necs Mu BoCTIONB3IOBAIIACE NPECGPAIOBAHNAMEA THNA

7 V3
711. _ 1+006?ﬂ _ l_T__"’2_\/§)
12 2 - 2 - 2 ’

o
i
-D—l
||
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8. 22=1i.
Hmeem: 1—cos§+ 1sm§,
By = {‘foosg+isin%i =cos§—j—8—?ff + ising +82-.-rk.
SuauuT, % = % u R =1. Koper ypaBReHu::
k=0, 20—00816 +1sm16,
k=1, =z -cos?s +1sm51)g,
k=2, z= oos?g+1sms1;g,
k=13, 23—008113—;+1si111136ﬂ,
k=4, z4—oos%+1smlfg,
k=35, z5—cos211—g+1sm211—g,
k=6, zs—cos215—g+1sin2fg,
k=17, z7—coszf—g+1sm219—6“
9. ff=-1.

Hmeem: —1=cosn + isinm;

Zy = \/°cos?r+isi111r=cosﬂ+2“k +isinﬂ+2"k.

6 6
3naaquT, %=% un R=1. Kopunu ypaseenus:
- —cos® 4+ igin® = ¥3 L 15,
k=0, ZQ—OOSG+ISIH6 2 +21,

k=1, #=cosy+isinf =i;

_ 57 Sm_ _v3 1,
k=2, 22—0056 +1sn6 2 +21,
_ —cosTT Tm__¥3_1
k=3, za—cosﬁ+1sm6_ 3 5
k=4, z.,_cos%-!-lsm%ﬂ——i;

Z5=COST+ISI 6 =

- Ur .. Ur V31,
k=25, > 31
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10. 2* =-32.
Hmeem:
—32 = 32(cosw + i sinw);
= {/32(cosx + isinm) =
= 425k m+ 27k
=2(c0s™ )

+ isin

Suauur, % =Z u R=2. Kopun ypabuenus:

o

= T iain®).
k=0, zu—2(cos5+1sm5)

k=1, L= (cos— +i sm—)
k=2, = (cos:-r + isin :rr) -2
k=3, ( os—+ 181n-—-)

k=4, z= 2(cos— + 1sm—)
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Pemenune anreGpanmdyeckunx ypaBHeHUt

PaccMOTpHM PAL M3BECTHHX TEODEM.
Teopema 1. JloGo#t MHorounen n-it crenenn (REN, n21)

Pﬂ($)=aux“+a1$"_l +a‘2£ _2+...+G“, 00#0:

Tae dg,a1,...,0, € R, UMeeT n KopHedt, ecnu Kax Al U3 ero Kopuell cup-
TAThH CTOJILKO Pa3 KAKOBA €ro KPaTHOCTh {OCHOBHAS Teopema anrebpoi).

Teopema 2. Ecnm muoroanes n-# crenemu (ne€N, n > 1)
Pz)=aoz” + 6, 2" +a,8" >+ ... +a,, ay#0,
rae g, d4,,...,0, € R, HMeeT koMIIeKCHEH Koperb 2 =a + bi (b#0), To

OHO ODA3ATENBHO MMEeT CBOMM KOpHeM Z =a — bl (conmpaeHHRIt KOpenb).

Caneacreue 1. Ecnu n — Heuernoe yucno, ro ypasheaue F,(x) =0 ume-
€T XOTA Bl OOUH AeHCTBUTENLHBIN KOPeHb (HeUeTHOe KOJINYECTBO JeiCTBY-
TeNMLHEX KopHeit).

Cneacrene 2, Ecnme n — 4erHoe uncno, To ypaeeeEue FPp(z) =0 ymbo
He HMEET JefCTBUTENBLHBIX KOpHed, TAb0 AMEeT TONBKO TeTHOE KOJAIECTBO
JAefCTBRTeNBHBIX KopHEH (¢ yUeToM KPATHOCTH).

Pemennwe ksasiparHeix ypapHeHn
H ypaBHeHMil, IPUBOOANINXCH K HIM

PaccmoTpum HECKONIBKG NPUMEPOB.

1) 2%+ 4x + 5=0. Pemas no obermoit dopryne, nomymm
T1ga=-2+4-5=-21+/-1. Tak xkak —1=1{cosw + isinn}, TO
‘/_—1=c081r+221rk +isin1r+221rk ;

k=10, cos%+isi11%=0+i=i;
k=1, cosd +isindT —0—i=~i (VI=ki).

3uaunT, 2 =-2x 1.

2) z'+ 2% +1=0. Jro obrarce GUKBATPATHOS YPABHEHHE.
Iyers z2 =t, Torma 2 + £+ 1 =0, ¥, yInTHBAA PE3YABTAT NPEILIAY-
IETG IPHMEDa, TIOTYYHM

—1+/T-4 —1+y=3 -1+£+3/"1 -1+3i
2 2 2 2

ti,2=

Ho t=2?, nosToMy paccMOTDHM OTIEALHO 0Da ciIyyad.
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_f=1+430
8} z=y —5—.
Tak kax _1+—"/§'1=—%+?i=1 (cos—+1sm2?“) TO
14/_1-4-‘/_1 \/1 cos2Z +1sm2—ﬂ)_
3
2 1 omk %"+2«k
_cosT+1sm—-2—.
1 k=0,1 noxyuum
pik: ,1 nomy
_ 2r 2 _ oo lm Im_1 V3,
k=0, 0036+131n6—0083+1sm3—2+2;
gr , o8 _ o dw 4w _ 1 V3,
k=1, cos -!-laun6 cos3+lsm3— 5~ g I
— 3. . .
Tak Kak 2f = %—%1:1—(0084?"+1sm4?"),1'0
Y '/ G Y ir
x= 5 —\/1 (cos3 +131n3)—
‘%r+21rk ) ‘%’+21rk
=08 5 + 18ln 5
Haa k=0,1 nonyaum
4 4 2 2 1, V3.,
k=0, 0036+1sm6-c033+1sm3— 2+21,
_ 0m ;10w _  Br Lo 5r_ 1 V3,
k=1, 0036 +1sm6 ct.)s3 +lsm3_2 5 1
OTpeT: {—%—%i,—%+§i,%—§i,%+§i}.

3) 2% 2822 +27=0.
IIyers 2% =t, Toraa &% — 28t +27=0.

M =27 - 2°=27 [z=+27
HMeeM YHAT, N
BL t=1 4 1 3_1 s :L'=\3/I

JHanee, i’/T:{l;—% - -‘é-gi;—% + ?1} (cM. orp.70), u mosTOMY
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Pemenne ypasueunit 3-# crenenu (dopmynsr Kapaauo)

PaccMorpuM ypaBHeHHe
2 + a2 +ayx + a3 =0.
Ilycts x=y — %‘ . Torna

-5 so 3 vl ) v

a? _2ya] @
ya-—yzal-#ya 27-+- ay’ %l+ﬁ+ﬂgy"%+ﬂa=0;

2 3
QBo3aHaHM az—%=pn 2a1 _ 32“1
mer Bug y* + py +q=0.
ITycrs y—z—L Torna

(- 3) +r(c— ) a0

PN A _p
zt pz+3z 27z3+pz s +g=0;
s p*

7 =53 +g=0.

+a, = q. Torna ypaBHeHHE TPU-

Iycts, nakonerr, 2° = ¢. Torna ypaBHeHHEe IDHHAMAET BUJ

2 40 P _
*+tg- 5 =0,

JHAYHT, £, = —Tq +

Ioaoxum T+ﬁ=R; t1,3=—%iR.
z

Tax kax z2°=%, 0 2= 1’;‘—%&:}2; fyaeM CUMTATE, Z) = {’/—%+R,
k=123, u z= f,"—%—R ana +=4,5,6. Ilockoasky z,‘=—% +E =
R=2:3+ % ,roana i=4,5,06 v paa k=1,2,3 cooTBeTCTBEHHO MBI HMEEM

5= {/—%—R= v—%— (%+z§)={’/—q—z§.
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0; —g— 3 _ _ p3 ; 3 (—P) 2_

3
3_ _P — = =
Hanee, mieem 2 — 275 +4 (=T Vg

= {-9— % =2, orkyZa

nzn=—2|, i=4,56; k=1,2,3.

3
— P __ P = i = k=
Y= 3% 3 ‘2=, +=4,5,6;%k=1,23.

TakaM ofipasoM, ecm y° +py +g=0, To.

a
y= —§+\/QI =
J V—+§

¢ 9 sl ¢ ¢ P
rae \f + 57 TOHHMAETCA OAHOSHAMHO, & A% {[—5 +y T+ 57 Bnep-
BOM M BTODOM cnara.euou HCIOAB3YIOTCA OIHHAKOBLIE 3HAMEHHA.
Tak Kax —— =%, T0

T. €. X RGHCOOMY SHOVEHINO 23 NEPE020 KOPHA NPulteAfnemca maxoe JHave-

HUE Z;, NMO ZxZi=—73 .

Opemep 1. 2°+122+63=0. 3necy p=12, g =63;

— 3 _63 . /3969 sf _63 _  [3969 =
z_ﬁ+m+\/ 3 f3900 g4
=2 63,865 o 63 65_ a7,
_\/2+2+\/2 5 V1 + ¥~84.

Mz 3naem, uto 1= {1;¢;£%}, nockonsKy

e/i={s/l(l+0'i)=\3/0050+i3i,ﬂ0=008%+131n%
=1 (z1=53)-

Z = —% ‘g_l =¢ (nepeooBpa3HbIl KOpEHb);
__1_+3,

3= 379 =g

Jlis Brraucnenws Y—64 Boconbayemcs TeM, uto —64=— ¢64=—4Y1.
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O6o3Ha9MM 3HATEHNS KOPHS KAK
Z4 = _4;
3.
25 = —4(—% + %1) = —4g;
1_¥3

= Al _¥3y_ g2
5= 4( 2 2) 45!
Toraa
a) T =2z +2z,=1-4=-3, TaK KaK 1(—4)=—32,rep=12
6) T3 =2+ 25 =€+ (—4¢?), Tak xak e(—4ez)=—§=—4;
z2=—%+i§+2+2s/§i 2+i1
B) Z3= 12z +2; =€ — 4, Tax Kak £H{— 45)——-33—’=~4;
$3=%—¥i.

Oreet: {—3;% il

IMpumep 2. z8+3z—4=
Kapaano, momymm

:c—\/2+\/_+ \/2

YeumoeTs B 3TOH CyMMe Kyﬁnqecmx KOpHelf KopeHb % =1 ypaBHEeHHA He
TaK npocro. B aanHOM cnydae DOMOrAHT MAEH AEHMMOCTH TeopeMmul Beay.
Quesnggo, wro cBobonaedt wien (—4) ypaenenms penmmres va +1;4+2; 34,
IIpu oposepxe yoexaaemcd, yTo £ =1 — ropeHb. Jasnee

240z 3x—4 [z -1
- x? 2+z+4

3 _ 53 i}
'2 2 ‘
0. 3aecs p=3, ¢= —4. Ucnomsays popmynm

r*+3z—4
-z
4r—4
4z—4
Hrak, r, =1; ypaenenne z°+z + 4 =10 umeeT KopHn
.T'z:—%‘l' @i; :1:3=—% - gi.

OTperT: {1;—% + gi;-—— - -‘%11}

[ &1



Pewenue arzefpauteckus ypasnenutl 85

Pemenne ypasueruii 4-if crenenu
[IycTe gaHo ypaBHEHHE
' 4 a2 + a2 + a3 + a, =0.
IlpumennAs NOACTAHOBKY T =Y — % , TOJIYy9AM YpaRHEHRe, KOTOPOE He CO-
JAEPKHT OfHOW/IeHA TPeTheli cTeneHn:

v'+py’ +ayt+r=9,

p=- gaf+a«¢; g= %a‘;’— 2;223 +az; r=—%a‘} + l—lﬁafag - %2 ta,.
3To ypaBHEHHE OTHOCHTENRHO Y, HO JUISl yHOOGCTBA BHOBB 3aMEHUM Y
Ha z: 2 +prt+gx+r=0.
Hapectho, uTo 6 + br + ¢ ApAAeTCcs MONHLIM KBaapaToM npr D =0.

B HOBOM ypaBHEeHHH BBEAEM MAPBMETD A CIAELYIIMNM OGpazomM:
2+ pet+gr+r=(2+ 2?2 - ((2) - pla® — gz + (M - 1))
3uasenue A Brifepem Tak, uTo6H Bhipamenme (2X — p)z? — gz + (AT — 1)
6LL10 TOIHBEIM KBAOPATOM, T. €. YTOOH BHIMOAHANCCH YC/IOBHE
D=g—42A-p)(XM¥ -7)=0;

TOLAA MPABAA YACTH NPEARIYIIET0 PABERCTBA OyZeT UPEACTAB/IEHA KAK Pas-
HOCTh KBAApaTos. [N 3Toro Heobxoamumo HABTYH KODHE YpaBHeHRA TpeThel
creneHi oTHocHTeNbHO A. IlycTh aTH KopHH OymyT A, i=1;2;3. Torma
(X —7) —gz+ (2\ — p)2* ={az + b)?, a,b€ R, u ypaseenne nproSperaer
caenyomail BU:
2 +prftHgrtr=(2"+ X - (az+b) =
= +ar+b+A}2° —ax—-b+A)=0.

Hrak, uroful peiunts ypasHeHue 4-1 cTerneHy HeoGXOMUMO PELIHTEL YDaBHe-
HHE TPeThell CTENEHN M JBA KBAAPATHEIX YDABHEHHA.

Dpumep. z*+82%+ 1427 —16x—~35=0. B arom cyqae a, =8, a; =14,
ﬂ3=—16, ﬂ4=—35.
Nycre =y —2 (z=y— %‘- ). Torma ypapHeHHe IPEMET BRJ,

(y—2)*+8(y—2)°+14(y - 2)* ~ 16(y ~ 2) —35=0;
y' — 8y° +24y° — 32y + 16 + 8y° — 48y° + 96y — 64 +

+ 14y — 56y + 56 — 16y + 32 —35=10;
y*—10y° - 8y+5=0 (p=-10, ¢g=-8, r=5).
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Brenem mapamerp A:
P+ A= ((2X+10)y* + 8y + A? - 5)=0.

Bupakenne (2X 4+ 10)y? + 8y + A2 — 5 ecTh NONHEIA KBAAPAT, TONBKO €CH
guckpuMueanT D pasen mymio: D =42 — (24 +10)(A* —5)=0. Toraa
16 =223+ 10A% — 10A — 50, . e. A% 4 5A% — 5A — 33 =0. Crobomgumti aien
TOro ypasHeHas umeer gemmresm + 1;+3; £11; + 33. ITposepss, ybexpa-
eMCfl, 9TO Ay = —3 — KopeHb. Torgza ypspHeHNe NpHOOPeTRET BRI,

(2(=3) + 1057 + 8y + 9 — 5 = (5 — 3)%;
4y +1y = (" - 3%

3HaquT,
y=-14+v2
P¥-3+2p+1)=0 [P+2y-1=0 |y=-1-V2
¥ -3-2y+1)=0" |y -2y-5=0" |y=1++v6

=1-+v6
z2=—3+2 Y Ve

z=-3—+72
‘$=—1+\/E'
z=-1-v6

IIpoBepaTh OCTANLHEIE SHAYECHHA Ay H )3 HeT cMblcna. Bee kopHu Hadt-
OEHH, B BCE OHH AeHCTEHUTENEHEE.

Taxk kak x =y — 2, TO

B paborax empaloumxcs maremartukor H.X, AGens (1802-1829) us
Hopeernn u 3. lasya (1811-1832) uz ®pannmm 6110 A0KA38HO, YTO OGMIX
MeTONOB Pemenns anrebpaideckux ypabreAuit seime 4-if crenesu He cyme-
cteyeT. [Ipu aToM 3. anaya coaaan cTpORHYIO TEOPHIO H BBEJ, IO CYIIECTBY,
HOBHIe (hpyHAAMEHTANEAEBIE IOHATHA, K&K I'PYINa, NOArPYNNa, HOPMAJILHEI
JeJHTeNs, n04e, pacmupenve. Hneu u MeToRn Teopum rpymm ONEpeIdIH
CBOE BpeMsl Ha MHOTHE JIECATHICTHH | Obl/IM peandsoBaHbl B COBPEMEHBOH
KBAHTOBON MeXaHNKe, KPHCTALAOrpahil H TeOPHH OTHOCHTENBHOCTA JifH-
mreiiHa.



Tperuposounax pafioma 4 B7

Tpenuposournas paboma 4

Bapwant L

1.

BrinosiaiTe AefCTBUA ¢ KOMIUICKCHEIMH THCIAMH, IPSCTABHE HX B TPH-
rosoMeTprueckolt dopme:

1) 5(003 +131ﬂ5;) (g(cos—-+1sm?;))-

1
2) ﬁ(oosEﬂlsmg) 2(cos +1sm4)

Bruncante v/ —2 + 2iv/3.

Pemure ypaBHeRus

1) 22+4z45=0;
2) z*—-2x+4=0;
3) 2% —5a+6z—2=0;
4) 2% -9z +8=0;
5) 6z*—192% 4252 — 192+ 6 =0;
6) flz)=0,rae f(z)=3z"— 52+ 10z - 8.
HWasectno, uro f{1+ i) =0. Haligurre ocransane KOpHH.
7} 22=3+4i (#pyms cnocoBamm);
8) 22— (5-1i)z+6=0 (aByma cnocoGamu).

Bapuant IL

1. BrumonsuTte geficTBINA ¢ KOMIUIEKCHRIMY THC/IAMH, IPEICTABNE HX B TPH-

roHOMeTpHYecKol dopme.

1) 4(00:31 - isin%) . g(cosg'f- +isin?-:-);

2) 8(003 +1sm2;)'(§(cos%+isin%)).

Berumcimre /2 — 2iv/3.

Pemnute ypaBHenns

1) 22-32+3=0;

2) z®—2+6=0;

3) 228+ 522+6c+2=0;

4) 2+ 102° +9=0;

5) 10z* + 392 + 4922 + 392+ 10=0;

6) f(2)=0, me f(z)=2a®— 8z*+ 222* - 262% + 21z — 18.
Wseectro, wro f(i) = 0. Ha#iaure ocTanbHble KODHH.

7y 22=16+8i {mByma cnocobamu);

8) 222 -(3-i)z+4-2i=0 (meyma cnocobamn).



g8 KomnarexcHue sucnag

ITokazaTenpHas d;)opma KOMIIJICKCHOI'O YHCJIA

HagecTHO, YTO TPHTOHOMETPHYECKHe (YHKIEH MOMKHO ONPEAETHTE KAK
HEKOTOpEIE HECKOHEYHBIE DAL BEIA

o 2

sing=x — ETl +5| ﬁ+...;
_  z* |

C Apyroit cTOpoHBI, ©° MOIHO TAKME NPENCTABHTL B BAJE PANA:

e=1+z+5 +3,+ e

TOCAA

e . 22 .2 2t xb 1 _
e —1+l$—g—l'§+ﬁ+lﬁ—ﬁ+...u
5

2 4 I . 9z z7
=(1- +4' 61+'”)+1(I_ﬁ+ﬁ_ﬁ+“')=
—cos:r:+1sm:c.

Mz opuninm x copmyne 3itrepa

e'® = cosz + isinz |,

KOTOP&A COSAHHAET OKA3ATEIBHYIO (GOPMY KOMILIEKCHOTO THCIIA ¢ TPHIO-
HOMeTpuuecKol dopmMoii.
Mpr z =7 monyuaeM e™ =cosm + isinw, T.e.

‘

a IpH Z = 2T UMeeM
et =1].

D10 aerenaapHan GopMyIa, COSARHAIOUIANA TPH JHAMEHETHX 9ECIA, KOTO-
pHie ONPEneNnHIN LEAYIO SMOXY B MATEMATHKE.

Jlts KOMILTEKCHBIX TOKa3aTeNell OCTAIOTCA B CHJIeé OCHOBHEIE IPABUIA
JeficTEHI ¢ HOKAZATE/IAMA:

a) OpPH YMHOMKEHMM YECE/l DOKA3ATEH CTENeHeld CK/Ia/LIBAIOTCH;

6) OpH AeNeHMM 4YHUCEN NOKA3ATENH CTeNeHeli BbIYUTIOTCH;

B) NpH BO3BEAEHWH YHACEN B CTEIEHEL NOKBIATE/IH CTENeHell NepeMHOKAIOT-
c.
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OTMeTHM, YTO MOKA3aTENLHAS hYHKIMA uMeeT nepuoa 2wi. Heitcreu-
TeNbHO, TAK KaK e*™' =cos2r + isin2x =1 (cM. dopmyay Ditnepa), To
ez+2nl — ez R e?ri — ez .

TprroHoMeTpHyecKy0 (POPMY KOMILIEKCHOTO YHCTS

z = |z|(cosy + ising)
MOXKHO 3AMEHHUTH MOKasaTeabHoH dropmolt
z = |z|(cosip + i sing) = |z]e*'.

(HanoMmnum, uro e¥! =cosy + isiny npu z=0, e y=¢.)
YMHOMeHRe, geleHMe, BO3BEJCHHE B LEAYIO NONMKHTEALHYIO CTeleHb
H WSBJICUCHHE KOPHA NENOH TONOKHTENLHON CTemeHH I KOMILIEKCHBIX
9uce], 3ATAHHRIX B MOKA3ATEALHOH (hopMe, BHOOMHAIOTCH M0 CICIYIOUHEM
dopmynam:
1) 2 |z |e“"‘ |22|euoa |21”22|ei(w1+m};
) A L"llef‘". _ 1l iei-ea.
P P T PR ’
3) " =(jz]e'*)" =|z]"e™?;
) Yz=Y|z|eiv = /2| eﬁﬂﬁ', k=0,1,2,...,n-1.
QopMyns Ditneps YCTHRHABNIHMBAET CEA3h MEXKIY TPHIOHOMETPHYECKHMH

$YHEKIHAME B NOoKa3aTeabHOR pynxnpelt, CkNaJbBasg H BRIYUTAS PABEH-
CTBAa
e =cosz+isinz

e % =¢cosz — isging’

MoAyYaeM

iz —lx iz —ix
e . e’ —e
COSE = £ Te + ) smr=-——b—-:.
2 2i

91n gpe GOpMYIL Ditnepa NO3BOIAIOT aarebpanyecKns MyTeM NOXyHMTh
OCHOBHEIE (DODMY/IR TPHIOHOMETDHIL.

1) sin®z+cos’zr=1.

JeficTBHTEIHHO,
iz a—dixn 2 iz —izy 2
sin2x+cosax=(e £ ) +(e +e ) =
2i 2
ezl:c —_ 2eia:e—ia: + e—zi:e eaix + 2eize—ix + e—2i=

_eal:c+2_e—2lz+e‘zlz+2+e—2i= 4 1
= ] ===,

1=
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2) sin2z =2sinzcosz.
JeficrenTensHo,
eiz - e-iz . eiz + e—Ia: _ e‘aiz . e—‘aiz

2sinrcosx =2 T 5 = R =sgin2z.

3) cos2z =cos’ & —sin’z.

cosz:c—sm:x: (elz+e—12)2_ (elz_ e—iZ)2=
2i

2
e?i.‘l.‘+2+ e—2l.1: eﬂi.‘l.‘_2+e—2la:
— eﬂia: + 24 e—2l.1.‘+ e2l.‘l: _2+ e—ﬂl:: —
4
i —2i
= % = cos 27.

Nprueuanne. Ipaduxom ynxupm y=e*' aABAgeTCH eaMHHUHAN
OKPYJKHOCTB ¢ LieHTpoM B Touke O(0: 0} Ha koMnnekcHolt nnockoery. B -
34 C 3THM BO3MOXKHEI PA3SIMYHHE OPEACTABIEHHA KOMINIEKCHOTC YHCNIA B 0~
KazaTenLuol (opme. 3aaunT n Tpebopanue ¢ € [0;2x) He oba3zaTENLHO.
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91

Ipaxmuxym 7

1. Habigpre anreSpaHyecKuit Bua KOMOJEKCHOrO 4HCaA:

2,

1)
2)
3)
4)
5)
6)

l'lpe,u,cmnb're KOMILICKCHOE YHCIIO B IIOKAZATENLHOH (bOpME:

1

el

cosi;
sini;

cos{l — i).

z=12i;

2} z=v—\/§+i\/§;

3 zm=1+4+1, mp=1- iv/3; suumcHTE:

a) "z 22}

ﬁz—l;
)Za

B) z;

r) ¥z.
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Pewenue npoxmuryma 7

1. Hadigere anrebpangecKuii BHI KOMILUIEKCHOTO THCIIA:

1) e'# =cos£+isin%=?+ ?i.
2) e”_i; — (e’)e_ii — (ew)cw(-%)+ilﬂn(-—%) = o™ =

= cos{—m) + isin{—7) = -1,

3) e*'"=e?e'" = e*(cosm + isinm) = —e?.
.2z .2

el te 7 el4e_1+¢

4) cosi= 2 2— 5 = e "
el —eV e l_e_1—¢* 1_e*—-1,

5) sini= T TR BT t

. _el -1 +e—| —1 _
6) cos(l—i)= 5 =

_etite -t e.el fele!

= 5 = 5 =

= %(e(cos 1+ isinl) + e~ '{cos(—1) + i sin(—1))) =
=%{ecosl+eisinl+e“cosl— ie 'sinl)=

=L(e+ el +i(e~ ¢)sin1) =

2 2
=&£r> +lcosl+ie —

1 sin 1
2e 2e )

2. IIpencTaBrTe KOMIUIEKCHOE MHCAO B NMOKA3BTENLHOR dhopMe:

1) z=2i.
QueBHaHO, YTO

cosip=0
'z|=2; { . ¢ '
sing=1

OTKYAA go=%. 38aunT, z=2(008%+ isi.u%), re z=2¢'%,
2) z=—-v2+iv2.

b5 :
MEeEM cos(p=_£

el =V (VY + (VP =3 A

sing = 5=
Z3%, ,—o(cosdT 4 i5indT) 2. o1

OTKYda @ = 4,2 2(0034 +1sm4) 2-e'4
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3) zl=]_+i,22=l—i\/§.Bbl‘IHCJIHTe:
8) z-2;
6) é
B) 2}
) YA

IlpepcTaBuM z; M zp B IOKasaTeasHOH dopme. Mmeem:
z1=1+i= \/_( + -—1)
1 V2 V2
s/i(cos4 + 1sm4) V2e
Tak xaK cosx — isinz =e~'* (cm. cTp. 88), TO
m=1— i\/§=2(l—£i) =

r_ -if,
=2 cosg 1sm3) 2e

Tornoa
a) 2 zp=v2e'T . 2e7'F =2v2e' T-1¥F =231
6 a-vel v3, lf+i§=ﬁ 135

Zz 2e~'% 2

8) 28 =(v2e'T)° = (v2)% iJ16—8&3‘ ¥,

r) VZ:\/E:\/_E‘E:LH‘;

0, zp=¥2e'Ts;

1, z1=\°/§e‘j;£=\7§e‘ﬁ;

2, n=VI T = V2 W = VI W,
3 z3=f/§e’jj4£=\7§e'%=s7§e_i§.

NMpemeuanune. Ilockonsky

L
=~ n

cosz + ising = e'®;
cos x — isinz = cos(2mk — ) + i sin(2xk — z) = @ F—0)!
& ¢ ApyToit CTOpOHEL,
iz

cosx —isinz=e"'",

TO CYLUIECTBYIOT PAMINHMHEE (POPMEl NPEICTABICHHA KOMIIEKCHODO YHCIA
B IOKB3ATENBHOH dopMe. DTo MOMKHO YBHAETH HA SNHHHYHON OXPYKHOCTH.
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Tpernuposovwnas paboma 5

BapmanT L

1. Halaure Bee kophH 7n-fi CTENEHM U3 KOMILIEKCHOO THCIA B TIPORILITIO-
CTpHpYHTe HX HA KOODEHHATHOH IIOCKOCTH BEPMIHHAMH OPABHIBHOTO

MHOTOYTOJLHHKA.
1} V-4
2} Vi;

3) V-444iv3.

2. TlpeacTaBbTe AaHHHE KOMIIGKCHBIe YHCAS B OOKA3aTeMbHON dopme M

BBITHCIHTE.
1) z1=242i; 2,=+/3-1i.
a) =z 2; B) 2¥;
6) 725 r) ¥z
2) z=1+v31; =v2-2i.
a) 2 -z; T) ¥z,
8) 21:2; B) {5
B) z3; e) V& -¥Z;.
Bapuaurt IL

1. Hafizpre Bce KOpHU 7 -#f CTEIEHM M3 KOMIVIEKCHOIO THCIA H IPORILITIO-
CTpHpyiiTe HX HA KOOPAMHATHON IVIOCKOCTH BEDIIMHAME NPABHJIBHOTO

MEOTOYTOJAEHHEA.
1) ¥=64;
2) V=i,

3) V8-8iv3.

2. TlpeacTaBrTe AaHHLIE KOMIUIEKCHEIE YHCAS B OKS3aTeNbHol dopme u

BEIYTHCJIHTE.
1) z2=2-2i; =+3+1.
a) 2z} B) 2%;
6) z:z; ) ¥z.
2) a=1-V3i; z=v2+2i.
a) 212z r) Yzm;
6) z-z; ) =&

B} z}; e) 7z



Tpenupoaoures paboma § 95

Tperuposounan paboma 6

Bapuaut L

. Pemmwre ypasnenne: 22 422+ 1=0.

f(z) =0, ne f(z)=4x* — 242% + 572% + 182 — 45.

Uspectho, yto f(3+ iv6) = 0. Halinare ocTannHEe KODHH.
Boraucaure 2%, ecau 2+27=3—1i.

Ha#inure ypasnenne xpupolf, s koropolt |z +1+ i| =]z — 1 + 2if.
SamTpuxyiliTe HA ILIOCKOCTH MHOXKECTBO BCEX TOYEK KPUBOH, YROBIe-
TBOpAIOIMX HepaseHeTBY |z + 14 21| 1.

2] = 0,58
|arg z — argb| =

Hattoure 2, ecn { 7, TA b=—2—2i/3;

6
|z—6|=v5
2 42i|=5
I[Ipu kakux o € R xopuem ypasueuga 2*—(a + 3)x*+ 6alz + a*— 5=0

(\/ﬁ(sing—g +1i m%))s ? Hafizare ocTaibibie

Ha#inure obnacte waMenenus |z — 6 + 2i|, roe {

HABIHETCH 9HCHO Ty =

KOPHH.
Bapuant IL
1. Pemmre ypasnenue 22 —2(z +Z)+4=0.
2. Peuwre ypaprenne f(x)=0,rme f{xr)=4z'—242* 4+ 632> — 18z 4+ 45.

7.

Wspectro, uto £(3 — iv/6) = 0. Haltaure ocransible KOpHM.
Briuncmmre 2%, ecom 3z —Z=4+8i.

Haitmure ypasaenue kpupoii, Ana koropodt |2 +2 — 2i|=|z —1— 3i|.
3amrTpuxyiiTe HA IIOCKOCTH MHOMECTBO BCEX TOUYEK KpHBoil, ynosne-
TBOPAIIMUX HepaBeHeTsy |z — 2 + 21| 2 3;

|2 =2]d] .
Hafigure z, ecnn a,rme d=v3-i.
largd — arg z} = 3
+ 10| = v65
Haiinure ofnacts wamenenns Im(z), roe Iz | .
|z —2i|=+v13

Tper kaxux b€ R xophem ypastenus z° — (b+6)z? + 80z + 954+ =0
32
= | Haliaure

ABNAETCH HHCAO I =

0,25(\75(— cos 111—2" + isin 111—2“' )
OCTAJIBHEIE KODHH.
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Penienne 6osee cJI02KHLIX IPUMEPOB

Ipaxmuxym 8

1. Hatimure HarGOABIME MOAYIH KOMILIEKCHOTQ YHMCJIE 2 , YAOBJIETEOPSIO-
mero HepaBeHCTBY |zi — 3i + 4| < |i].
2. HafinuTe HAAMEHBWHN MOIYNP KOMILIEKCHOTO MHCIA 2, AJIA KOTOpPOro

BHDOMHAETCH yenosue |z — i| = |z + V3|,
3. PemuTte cucreMy ypaBHeHHit
|z+2i|=1
z+4i
|z+2i 1
z-11" /2

4. HzofpasuTe KOMILIEKCHEIE YHC/IA 2, JUIf KOTOPHX 2° =

1+1i
5. H3aobpaznTe KOMIUIEKCHEIE MHCAS 2, YIOBASTROPAIOLINE YC/IORHIO
A=¥3-i
V3+i

8. Jann 1pa KOMIIeKCHBIX Iuchaa 23 =3+ 41 u z,=—4 4 3i. IIpn kakax
HeRCTBHTENBHEIX 3HAYEHHAX @ H b BHINOGJIHAETCH ycnosne

ﬁ—l = az + bz,?
2

1
7. Hzobpaszure MACKECTBO % 20,5 ToYeK KOMIINEKCHOMN IAOCKOCTH.
8. Haitamre 2%, ecnm 2+ 2Z2=3+1i.

8, MaoGpasuTe Ha KOMILIEKCHOMH IUIOCKOCTH MHOMKECTRO BCEX KOMILNEKCHEIX
QHCeA, A8 KOTOPRIX Re(%) 2 Im(% - 1) .
10. MHo¥ecTBO TOYEK KOMIEKCHOH MJIOCKOCTH OMpefedeHo YCAOBHEM

|z + 4 — 3i| £ 1. Karkosa 0618CTh H3MEHEHHS BHPAYKCHNS % ?

11. Halingre cyMMy TBKHX 9ucex z, 4To zi= V3-i. Haltaute ooHo u3
TAKHX 9HCeN.

12. HaltouTe BCe AefCTBUTENBHBIE 3HAYEHHA NAPAMETDA 4, NPH KOTODRIX

2i(z+2)?=2-%
CHCTEMA . ad HMEET TOJILKQ TPH PeIeHAs.
102

13. IIpn KaKHX 3HAYCHUAX MapaMeTps b CpedH KOMIMIEKCHBLIX WHCEN, TAKHX,
910 |z — 2 — 2i| € b cymecTByeT TOABKO OOHO TaKoe, uTo z° € R.

14, Cpeny uncea 2z, YIOBAETBOGDAIOLUINX YCIGBHIO Z-Z =25, HABZHTE TAKHE,
910 |z — 7|+ |z — 7i| npuHEMaeT HaMMeHBIIEE 3HAUCHHE.
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Pewenue npaxmuxyma 8

1. Hatimrre sanbonbpmefi MOAYIB KOMIVIEKCHOTC YHCIA 2, YIOBIETBODAIO-
mero HepasercTBy |zi — 3i +4| < |i].
Mycte 2 =z +yi, 3naunT,

zi—-3i+4=(z+yi)i —3i+d=zi+yi’-3i +4=4—y+(z - 3)i.
Torma |(4 —y) + (¢ — 3)i| £]i], T e 4’319___ T A
VEA—y)?+(z-32<V1? mm 4f----
A-y)’+(=z-3)°<1.
leomeTpHyeckl — 3To Kpyr paguyca R=1 o

H ¢ mentpom (O (3:4). ol
Tex Kak OO0, =32+ 4°=5u O,A=1, 10 o
0A=56. 0 83,6 x

OreeTr nHanGoabmult MOIYIb KOMIUIEKCHOTO SHCJIA Z DaBeH 6.

2. Haltaute HanMeHbIINH MOOYIL KOMILIEKCHOTO 9HCAa %, AJIA KOTOPOro
BHMOHSETCA yenoBue |z — i} = |z + V3|,
Mycte 2=z +yi, Torma |z + i — i|=|z+¥i + V3}; |z + (v - Di|=

=|(z+ v3) +yi|, smamur, /22 + (y—1)? =4/ (z +V3)? +42, Te.
2+ y-1P2=(+VI)+¢

Otciona noayurM y = —zv/3 — 1. HauMennbInee PaccTOAHEE OT TOYKH
O(0;0) g0 mpamolt y = —2v/3 — 1 — 3T0 ¥ ecTb HAUMEHDBLIMA MOLYIDb
KOMILIEKCHOTO THCJA 2z TPH JaHHBIX ycaoBasix, Bompoc sror pemmm
FeOMEeTPHETECKH.

Hyeem: OK LAB, rne AB=1/(- ¥y 4 (-1)2= /T 11= 2 3.

Hanee, OB = ‘/?E; OA=1. Meromom

naoimagel DOayYHM:

SnAOB=%OB'OA=%AB'OK, B( i AY
V3, 3o .
ok-0B-04_Z1_1 0 %
AB T 15 2
OrTBeT: HauMeHLIMN MOIY/IL KOM- A (0;-1)
IIEKCHOTO IHCIa& 2, JJI KOTOPOTO
|z—i|=|z+\/§|,paBeH % y=—xJ§—1
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3. Pemmute cucreMy ypabHeHull

Iz+2i|=1
z+4i
]z+2i 1"
z—1 NG
Ilonaraa z =z + yi © yunTHIBAA DABEHCTBO :2—1 = % » IIOJYYHUM
|+ yi+2i]| = |+ yi +4i]
. . 1 . 5
z+yi+2i|=—=z+yi-1|’
lz+y |= ke +y |
2+ (y+2) =2+ (y +4)°
24 y+2 =2 - 1 +9?)’
dy+4=8y+ 16
257+ 2y° + 8y +8=a-2x+1+y?’
=-3
y=-3 y=-3 o
e +2+y+8y+7=0" | +2x-8=0" sea

Orper: (—4;-3); (2;-3) wmu z,=—4-31; z22=2-3i.

1—i
4. HzoBpasnTe KOMIUTEKCHElE YHCAS Z, IS KOTODHX 2% = +—— |

1+i

YuureBaA, 4TO
1—i _(1-90-1) 1-2i+i? 1-2i—-1__,
1+ +D)0-1) =iz 1+1 ’

nonyunM z° = —i. MoXHO pelHTs BONpoc, HCNob3yA GopMyny XxopHa
n-it cTenenn U3 KOMILIeKcHOro 9ucha z (Teopemy Myaepa). Ho B nan-
HOM CIY'Ae MOXHO BOCTIONIL30BATECA TeM, uT0 —i = i¥. Torma 2° = i®;
z=1

2Z242zi-1=0

—ixy/iT+d _—i+3
2 =Tz

(z— 1)z + #zi + %) =0;

Z = i; 22,3 =
HaH,H,EHHHM TJHCASM COOTBETCTBYHIT TOYUKH

Aoy B(L-1) of-%-h).

T‘B.K KaK KOpDHH n-if crerreHM B3 KOMILIEKCHOTO THCIA €CTh KOOPIAAHATH
BePIIHH NPABHALHOMO f71-YTOJBHHEKA, TO TOUKH A, B,C cyTh BepHIMHE
OPABHALHOTO TPEYTOJILHHKA, Ide Ry =1.
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5. HaofipasnuTe KOMIZIEKCHRIE YHCIA Z, YOOBAETBOPAIOMUE YCIOBHID
_V3-i
\/_+1
Tak Kak
v3-i_(V3-i)(vB-i) _8-2v8i+i2 _ (\/5— 1)2
V3+i (V3+D(V3-1) 3—i? ’

10 22 = (ﬁ)z.

2
AY
3naqnr, 2 J3
__V3_1, ; Y
z=——F+z1 ;
L.\ Ao X
—¥3_ 1., __¥3 1. _ 8
Hrak, z; = 3 ~ 5l #=—"g +21 7 1] -Ez
(2.'2:—21). 2 1

8. IaHu Apa KOMILIEKCHRIX 9dcia 2z =3+ 4i m 2z, = -4+ 3i.
IIpy Kakux AeBCTBHTENLHEEIX SHAYEHHAX G M U BHIIOAHSETCH YCIOBHE

% =az + bz’

Hmeem:
z_ 3+4i _ (B3+4iN-4-3i) _
z —44+31 (—4 + 31)(—4 - 3i) -
_ —12-16i —8i —12i? — _—25i =—_251__1
(—4)% — (31)? 16 — 9i2 25 )
Torma —i=a(3 +4i) + W{—-4+ 3i);

—i=3a+4ai — 4b+ 3bi = (36 — 4b) + (4a + 3b)i.

W3 ycnoeua paBeHCTBA [BYX KOMINIEKCHBIX 9HCEN MOMYYHM CHCTEMY
ypaBHeHHI

4

{3a~4b={]' ﬂ=§b _

da+3b=-1" T
0,16

{a:%b {a:— =-0,
B, 3 v’
=1 b= =—0,12

OrteeT a=-0,16; b=-0,12.

5l =~=:,e=
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7. Hzobpasure MHOXMECTBO TOUEK KOMINIEKCHON IVIOCKOCTH, €GN

|z +1]
|z — 2]

20,5,

Mycrs 2=z +yi, rorma |z +yi+1{z|z+yi—-2|- %; (z#2);
|(z+1) +yi| 2 %|(z—2)+yi|, 3HAYMT,
H+1)+y") 2 (-2 + 9%
Wz+1) - (z-2)+3" 20 ~
32+ 122+ 3y = O
44z 4+ 2 2 0; > *
z+22+7 222 ~

DTOoMY HepaBeHCTBY YOOBJETBOPAIOT BCE TOYKH KOMIIEKCHOH MJIOCKO-
CTH BHe Kpyra ¢ uentpoM (G(—2;0) paguycom B =2, prmoqas rpaHauy
¥ HCKII098d TOUKy z =2, T.e. (2;0).

8. Haiiopre 2'%, ecomm 2+ 22=3+1.
IIycte z = + i, 3Hauut, Z=c — yi . Torga umeem:

c+yi+2z—yi)=3+1;
z—yi—-i-3=0;
z—-1)—(y+1)i=0;

{z=1 .
Te z=1-1i.

(ks ) = Vien(-5) + i60(-5)

HOCKOMBLKY { , M BHAYAT, Yo =—F .

sing, = -
3mas, wro z = v2(cos(— o+ isin(—%)), HAXOARM

217 = (/2)12 (cos(—% 112) +i sin(—% 12)) =
= 2%(cos(—3) + isin(—3x)) = 64(—1 + 0) = —64.

OrBem 2%=—-64.
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9.

10.

H306pa3uTe Ha KOMIVIEKCHON TLIOCKOCTH MHOKECTBO BOEX KOMIIEKCHBIX
uncen, A KOTOPHIX Re(%) z Im(% -1).

Myere z =z +yi.

a) Brrancomv Re( % ). Byaem umers

3 __ 3z-yi) _3z-—gi)_
s+yi (z+yi)z-yi) 22— 32i?
_3x—yi)_ 3z _ 3y
3:2+y2 $2+y2 z2+y‘2‘
o () -
6) Haiimem Tenepn Im(; - 1). Hmeen:
1_4__1 _ =x—yi_1_( _)__
z z+yi x4+ z? 4+ o +y?’

TaxuM 06pasoM, 38JAHHOE YCIOBAE IPHHUMAET BHL
‘32 5 _—¥
32 + yz = x2 + y'z *

HckoMoe MHOMECTEO — NONYIAIOCKOCTE Y 2 —3a,
¢ uckmoaeHHol Touxoni O(0;0}.

MHoxecTBO TOYEK KOMILIGKCHOH IIOCKOCTH OnpeacncHo YCIOBHEM

|z +4 — 3if £ 1. Kakopa 0bnacTh H3MeHEHHS BRIPAMXKEHHA E‘Z ?
Rez

Ilyete 2=z +¢i, Torma Rez=r,a Imz=y u m:%:k.ﬂaﬂee,
HMEEM

z+4-3i=z+yi+4-3i=z+4+(y-3)i;

o +4=3il =@+ + (y-Dil=VET P+ G <L
TeoMeTpHYeCKH, MHOXKECTBO

(z+4)+(y—-3) <1

npegcrasnser coboit kpyr paguyca R=1 ¢ uentpom B Touke C(—4;3).
CnenosaTensRO, HOAYUAEM

(z+4F+(y-3°2<1

y=1s
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BoaMoxHa CAeLYIOWAS reOMEeTpPH- AY
yecKes BuTepnperanans: mycts 04 N7 PO ¥’ |
B OB — xacaTe/IbHEE K OKPYHKHO-
C Y
42 _32=11I . _/
(@+4)* +(y—3) BN
TOTAA JUANAIOH HIMEHEeHHsS Be- 1
JMYMHEL +  OTPAHEYEH YIVIOBHI- Bl G A 0
e kosthduupesTama mpayMux OA — } —t »
a OB. -6 4 -3 o
tg(r — ZBOB,) % tg(m — LAOAL);
tg(—ZBOB,) % te(—LAOA);
"2—' <m—/BOB, <m; tg(x — BOB,) <0,
% <x—LZAOA, <7 tg(xm — AOA;) <0,
Hneen oc VI 3= =5; AC=1; sin(éCOA) L, zcoa=
= arcsin ¢ i tg(éCOCl) s 2000, = arctg 3 i 3Haan,
éAOAl = Z/COA+ A:'oc1 = arcsin % +arctg g;
ZBOB, = L0OC, — LCOA = arctg g — arcsin %
IMozroMy —tg (arctg = — arcsin 5) —tg (arcsin % + arctg %) .
Halinem 4BCIOBEIE BbIPAKEHHS LIS r'pamm ZUAMA30H:
. 1 1
e (arcsm 1) sin(arcsin £) 1

1 — sin®{arcsin §) 1—
v e

1Y _ tg(arctg Z) - tg(arcsm 3) _
;1 ) 5/ 1+tg(arctg %) - tg(arcsin %)
i Ve _3v/%-4_6/6-4_ (6v6-4)(8VE-3) _
+3. L 4/24+3 8v6+3 (8v/86)2 —

3
4

48-6—50v6+12 _ 12-26— 506 _ 12— 2v6 _
64-6-9 3-125 35

6-v6__ 230 __ 4
5 3-5(6+v6) 6+ 6
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Ananoraano, 3 X
1Y m  3v24+4 1
3 .1 4
tg(a.rctg—+arcsm—)= = =...= .
4 5 - — _
1-= wori 4/24-3 66
4 1 4 66 6+ 6
Hrax, — £ + £ —————, SHAYHT, — 2k2— .
6+v6 kS 6-v5 1 7

OTBeT [ MHOXKECTBA KOMIUIEKCHLIX 9HCEA, COOTBETCTBYIOMIMX

. z
yeaoBuo |2+ 4 — 3i| € 1, o6nacTeio M3MeHeHHs BRIDRIKEHASI —— B~

Imz
[_6+ JE,_S—JE]
4 4 ’
11. Hafiaure cymmy BCex TAKHX QHCEN z, UTO 2% = V3 — i. Haftoure ozpo

H3 TaKHX YHCEJ.

JIACTCHA HHTEDBAJM

a) Ilo Tecpeme Buera cymma z; + 2z + 21 + 2z, KOpHEl ypaBHEeHHA
z? + 1'112'8 + A222 + Aaz+ Ay, =0

paeHa Ko3ddnupenty A,. Tak Kak B paccMaTPHBAEMOM Clydae
Ay=0,10 21+ 25+ 23+ 24 =0.

6) HaliTu oIHO W3 YHCEN, 1A KOTOPRIX z'=+/3 - i, no ¢yru, o3nauaer
naflTH oaMH U3 KopHe#t ypaBHEHH.

Myerb +/3 — i = 2. Torma |zp| = /(V3)? +12=2;

_ \/5_1-)_( Ur . 1ir
zo—2(2 21 =2 t::os6 131n6),

Slll(po=—%
. . Lrgomk LT iomk
z= \/§—1=\/§(cos 1 +1smT),

rae k € {0;1;2;3}. Hanpumep, npu k =0 noayuaem

2= \/_(cosu—ﬂ +i smu—ﬂ)
24
12. Halinure Bee AeficTBHTENbLHEIE 3HAYEHHA NAPAMETPA @&, [PH KOTOPBIX
2i(z+2)}2=2-%
CHCTEMA . a® HMEET TOAbLKO TPH peIneHus.
lz—i-aj= 102

O=esngao, uro npu a < {} Bropoe ypasHenue pemeHuit ne umeer, [Ipu
a =0 cymecTByeT ¢OMHCTEEHHOE pemerne z = 0.
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IIycte &> 0. Ilonaraa z=z+yi,ree =,y €R noayuum, 9t0 Z=x—yi.
Torpa neppoe ypapEeHHE IPHMET BHEJ

2ifz+yitz—yiYP=x+yi—(z—yi) wm 2i- 42" =2yi.
TakuM ofpazoM, y= 4z?, anpaur, z=5+ 432 - i
Honcrapnas z =z + 4z2 -1 Bo BTOpPOR ypaBHeHHe, HOJYUHM
3
102’

o+ (e — )il = V& F (dP — 1) = 2.

Torma z2 + (43 —u)? = ':] 3necs MBI HMeEM ZelIo ¢ BUKBAIPATHLIM
YPABHEHHEM, KOTOPOE UMEET TPH PelleHUs UL B CYY8e, KOTa OfHH
¥3 ero xopueit papen nymo. IToacrapue z =0 B ypaBHeHHe, DONYYHEM
0+a?= 1"04 , T.e. 10%°%=af; 10* =q*. Panee 6ul10 Onpegeneno, 4To
pellleHie BO3MOMKHO TOJMLKO NpH & > 0. 3uauwT, ¢ =10,

IIpn a =10 ypaBHeHHE [IPHMET BHJ

2? + (42? - 102 =10%

jz+42?-i—i-al=

22 =0

2=79"

OueBHIHO, YTO B 9TOM CIyd9ae YDaBHEHHE MMEET TOJbKO TDH KODHH.
3HEUNT H pACCMATPHBAEMAS CiCTeMs, ypasHeHul npu a= 10 € R umeer
TONBKO TPH PEILeHAS,

Oreer: a=10.

Hpeofipazys ero, nomyqum: 16z — 7922 =0;

13. TIpn xaxux IEAYEHUAN NAPAMETPA b CPeJE KOMIUIEKCHEIX YHCeN, TAKHX,
a0 |z — 2 — 2i| £ b cymecTByer ToneKo 0ftHO Takoe, 9To z° € R.
Oyere z=x+yi; 22=(x+yi)®; 2°=2%+3=%yi +3x%1% + %13,
Te 22 =(x*— 3zy?) + (322 - 7).

y=0
Tak kax 2° €R, 1o 3x?y—y°* =0; |y=2v3
y=—zV3

Tax kak [z —2—2i| b, To b20. Hanee,
|z ~2-2i|=|(z-2)+ (y - 2)i| = V(= - 2)* + (y ~ 2 <.
Takum 06pa3oM, ACXOTHOE HEPABEHCTBO IPAHAMAST BAL

(e—-22+(y-2<b.
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leoMeTpAYeCKH, 3TO MHOXKECTBO TOYEK KOMILIEKCHON IJIOCKOCTH Npes-
ctapaAeT coboit kpyr paguyca B =25 ¢ uenTpoM B Touke O(2;2). dna
TOrO 4TOOK CYHICCTBOBAJIO €AHCTBEHHOE KOMIVIEKCHOE Z , HeobXOauMO
9T00Bl GBIIO KacaHWe ¢ mpAMOit
y=\/-3:::, HJIH ¢ TpAMOlt y=—\/§z,
uiK ¢ npaMolt y =0. M3 rpadmye-
CkOM HHTepOperanuy yciosu#t za-
Ja4H ACHO, YTO KACAHHE BO3MOXHO
TONBKO ¢ IpaMolt i = v/3z . Torga

e

(@—2°+ (-2 =t
(x—2) + (V3z -2 =%
£ —dz+4+ 327 — 43z + 4 =07 y=\f§x
4z? — 41+ V3)z + 8- =0.

Jna moro, yTobel 3TO ypaBHEeHHE UMEJIO €AUHCTBEHHOE Dellerne, HeoG-
XOAHUMO, TTOOK AucKprMuHART I} Geu1 paber Bymo. Ilomydaem:

D=4(14+V3)? - 4(8-b") =0,
1+2v3+3-8+¥=0;
b =4-2V3,

npuuem b2 0. Cnezorarennho, b=+v/4 — 2\/5:1/(\/5— 1)2=\/§—1;

b=+v3-1. IlpoBepuM, Oymer JE YHCHO 2y YAOBJETBODATE YCIOBHIO
23 € [R. PaccMoTpuM ypaBEEHHE

42 —4(14+V3)z+4+2v3=0 (4+2V3=8-17).

Tak kax D=0, 710 2o = 1+2‘/§ ($0=_% }; aHaYenue yp Haltaem M3
TePBOro YPaBHeHHA CHCTEMBL: ¥ = V3% ; 3o = M .
3uavwT, 2o = 1 +2‘/§ + ‘/5(1;- v3) i;

1= (52 (B
_(v3+ 1),2/1+ (vay _ Vit

= (\/§+1)(% + %;)
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COBipp =3 "
Tockoneky Jii =3 € [0: 2}, Met moayuaem
sin yp = -
z=(V3+ 1)(cos% +i sin%);

2= (\/§+ 1)*(cosm + isinw) =_(\/§+1)3 €R,
uTQ B Tpebyerc.
Otper: b=+v3-1.

14. Cpean uHcen z , YIOBAETBOPAMIIMNX YCJIOBHIO #-Z =25 HallAnTe Takwme,
uro |z — 7|+ |z — 7i| npuruMaeT HauMeHbIIeE IHAMEHHE.

1) Mycte z=2z + yi, TOrAA YpaBHEHHE MPHMET BHI
{z+ yi){z — yi) = 25;
2? — 4%i% = 25;
* + 4% =25.

LY
B

5T0 ypaBHEHHE OKPYXHOCTH pa-
ouyca R=05 ¢ LeHTpoM B TOYKe
0(0;0). .

2} |z —7| — aTo paccTosHEHE OT TOY-
ku A(7;0) mo roukm z(r;y) wna
| Bz| ; amanoruano, |z — 7i| — 9o
paccrosiume or Touke B(0:7) mo .5
roukd z(z;y) umm |Az|.

3) Taxk xex |AB| € |Bz| + |Cz|, To Touxka z(x;y} momxuHa npuHazICc-
xars upamott AB, wrofs cymma |z — 7| + |z — 7i| 6rna HauMenHb-
refi.

4) C Zpyro#i CTOPOHBI, WHCIO Z JOIDKHO OBITH KODHEM YPABHEHHS
z+Z=25, T.e. ypapuerms x? +3* =25,

A
™N*

y=7-x

0

Wtak, D19 HAXOXKIAEHHA Z HeOOXODMMO PEIlHTb CUCTEMY YPABHEHMH
P+y*=25
y=T—3

Hmeem: 22+ (T—2)?=25; 22+ 49— 14z + 2% =25; 20 — 142+ 24 =0;

22— Tx+12=0, orxyna x, =3; x; =4. Torma

a) &1 =3; yn=4; z,=3+4i;

6) $2=4; y2=3; Zg=4+3i.

Oteer: 2,=34+4i, z=4+3i.
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Ilpaxmuxysm 9

Petunre ypapHenue z* — 3z +4=0.

2. Yncno z;, = (sm—- +i cos—) ABASETCA KOPHEM YPABHEHUA

6.

90

10.

8
2 +{a—-2)2+a'r —2a°—1=0, acR.

Hatinpre ocTajmHbEe KODHM.
Yucno z, =1 ABaAeTca OOHHM U3 KODHEl ypapHEHHS

z*~ (2a+ b+ 1)x* + (3a + 5b)2* — 82 + 13 =0, a,beR.

Hatinure ocTanbHEIe KODHEH YDABHEHHA.
Hano: % +2z=1, rae z — KommuekcHoe unio. Halisare 220
Peinwre ypasHenue

A—(2-4i)22 —(1-i)=0.

276
{\/_(sm + icosf))

z® — 2(a — 1)’ + 2(1 — 2a)x — 4a=0.

Tucno £, = = SBJIAETCH KODHEM YDABHEHHA

Hat#inure ocTalbHEE KODHE YDABHEHHA.
Pemmre ypasrenue 12zt + 37z° + 4922 4 372+ 12=0.

Jna ypasHeHns
22 — (z)* = 16i

HaluTe KOPHH, JUIS KOTOPHIX BRIpaXeHue |z — 5| 4 |z — 5i| npunuamaer
HANMEHbIIee JHAYCHUE,

Hafawre Bce KOMIVIEKCHEIE YHCIA Z, YAOBJIETBODSIONUTHE CHCTEME HEDa-
BEHCTE

s —1—-i| €|z + 1+
|z +2i| < V2 '

HaeecrHo, uy10 2<€ |z + 1 — i| € 3. H3obpasnTe MHOKECTEO TOUEK KOM-
INTEKCHOM NNOCKOCTH, COOTBETCTBYIOMMX YHCTY Z.
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Pewenue npexmuryma 9

1. Pemmre ypasmenme z2 — 3z +4=0.
IHonvaysace obrraHol opumynoilt, nomydaeu

3¢,/ =16 _ 3+ /Ti
B

2=
2. Yucao z, = (sin % + icos -581 )* ABNsETCH KOPHEM yPABHEHHR
2+(e-21*+a’c—2a*-1=0, a€kR.

HatianTe ocTanbHble KOPHH.

Hwmeewm:
5 5ﬂ) ((E Y 4 i cos X z)‘_
(sm8+1ooss sin 2+8)+1cos(2+8) =
(oo™ — iain®Y = _TEY _gin(n_ 1T
- (o3 =103 = (n(x~ ) -sn(r- )" -
| sinT n myt
( ms? 131118) (ooss +1sm8) =
_ 77r) i n i
_cos(4 3 +1sm(4 )—0032+1sm2 =0-i=—i,
Hrax, 2, = 1.
3aMeugHue: sm— + 100358" TpHroHoMeTpudeckolt hopmoil kKom-
ILUIEKCHOI'O YHCIa He ﬂnnaerca, a cos:"f- + 1sm7—“ — HANAETCH.

HocKonpKy 1 — KOpeHb YPABHEHHSA, Mbl HMEEM
o} + (o —2)2} + o’z — 28" - 1=0;
(~1)° + (6 - 2)(=1)* +a®(-i) - 2a* - 1 =04
i-(a-2)—a*i—2e*—1=0;
— (2’ +a-2+1)+(1-a?)i=0,

YTO BOGMOKHO TOJILKO €CITE { , T. €. TONbKO p# a=—1.
Ilpe @ =—1 ypabHeHHe IPUMeT BEA
2 -3 +z-3=2*(z -3 +(z—3)=( +1)(z - 3) =0.

3HauKT, To=1,8 T3=3.
Urar, {—i;i;3} — mmoxecTBO Beex KOpHER ypapHEHHS,
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3. Yucno z, =1 asasercd oJHAM K3 KOPHEH YpaBHeHHMA
2 — (2a+ b+ 1)2? + (3a + 5b)e® — 8+ 183=0, a,beR.

Ha¥iaure ocTaNBHBIE KOPHEH YDABHEHHASL.
Tak xax ©; — KOPeHb YPABHEHHS, TO

i*— (26 +5+1)i*+ (3a+5b)i* —8i +13=0;
1+ (2a 4+ b+1)i — (3a+ 5b) — 8i + 13=0;
(14— 3a—5b) + (2a+ b - 7)i =0,

YTO BO3MOMKHO TOJIBKO NIPH

—3a—-5b= 1 —3a-5=
{14 3a—5b=0 { { M-3a-5=0 0 5

T4+2e+b=0" |[g-2’ | -14+4a+2%=0

a—3b=0; a=3b. Torna -7+ 6b+b=0; b=1, anaumr, a=3.
Nexonnoe ypasuenne npumer sug z* + 82° + 1422 — 8z + 13=0.
HasecTHo, 4TO e/l HEKOTODOE KOMILTEKCHOE YMCO SABJACTCA KOpPHeM
YPaBHeHMH ¢ deficrneumentrimy ko duumenTamn, TO K CONPSKEHHOE
¢ HUM KOMIIJIEKCHOE MHCJIO TAKIKE ABIACTCH KOPHEM yDaBHEeHHH. M
aMeeM T, = i, 3HavMT, To=—i; (z—i)(z+i)=22—i?=x%+1. Yrobn
HANTH OCTANILHbIE KOPHH, IOAETHM MHOTOWIEH Ha 2 + 1:

2 —82%4+14x*—82+13 | 2% + 1
#2105+ 2 -8z +13

—8z°+132*—8x+13

—8z°+ 0z*—8=z
1322402413
132%+02+13

Vpaenenue 32 — 8z +13 =0 umeeT KopHH T3¢ =4£16 — 13=4=£+/3.
Orper: {fi;4%+3} — MHOKeCTBO Beex KOpHell yDABHEHMS.
4. :-15 +z=1, rae z — xommnexkcHoe uneno. Haitmrre 22°.

Pemum ypanxenne i- + z=1. ByneM umers

1+v=3 _ 1++/3i
2 2

P—z+1=0; z,=
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a) Bruwcaum z3°:

1+\/§1 1 ﬁ .
= —2 9 1—0033+1sm H
20
? =(cos§+isin%) =cos(20-%)+isin(20-%)=
 celE m_ 1. V3,
—cos3 +1aun3 = 2+ 9 1.
6) Brrumemum 23°:
_1-v3i_1_ 3, 5 5,
Zg = 5 =3 > 1—-0083 +131n3
z§°=(cos53”’+1sm oos(zo-%”)ﬁsin(zo 5”’)
= cos ¥ dn _ _1_ V3,
cos3 +1su13 =—3 5

1
OTBeT: A% ypBBHEHHS 2 % =1 muoxecTBO 3Ha%eHuit z¥ ecTh

1, V3., 1 _ V3.
{_§+Tl,—§—71}

5. Penmuth ypapHemne z' — (2 — 41)z —(1—i)¥=0.
Humeem: 1—-i= \/5(—2 ) \/_(oos— + 1smh

4
1-i)f= (\/_(cos'%“ + lsm'T))

- i isinf 2% . _('E--E_-
—8(008(4 6)+1sm(4 6))—8 0082+181n2)—81.
Koprau ypasrenna z* — 2(1 — 2i)z2 — 8i=0:
(2)12=1-21 £ 1217 +8i=1-2i+ I -41 1+ 4iZ§ 81 =
=1-2i+v1+4i+4i?=1-2i+(1+2i);

I:zz=2 z=‘/§2
o1 == H
2t =—4i -
Hanee, —i = (—%)+1sm(—2)
VT = cos -;2ﬂk+ism2 -;21:.‘:_
31r+41rk+isin31r+41rk
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IIpu k=0;1 nonyarm

_ 3m 3m__v2 V2,
k=0, 23—0054 +lsm4 2 + 2 i;
2 2
k=1, z,‘_cos%"r+1sm?———§l
_VF V@-_ ﬁ \/ﬁ.
OreeT: { \/_\/_ ——Tl,—?+Tl}.

276
(v3{singg + i cos 5))
22 -2(a-1)x*+2(1 —2a)x —4a=0, a€R.

Ha#ianre ocTanbHbIe KOpHH ypanﬂenuﬂ
KommaekcHoe 4nea0 §in oo 28 +icosq= 28 NPEACTABHM B TPHTOHOMETDHYE-

6. Yucno ¢, = = ABIAETCA KOPHEM YPABHEHMS

cKolt cbopme
sm28 + 1oosﬁ --sm(% - 1.'_’;_1r)+ 1cos(— - 123—; =
= cosl%r +i :sinl%r
Torma
(\/E(sm28 +i coszﬂs)) = 27\/_(00513—11' + isin 123—;)
= 271/_((:03( 1238“) + isin (7 13“))
{2 ) =15+ ).
3HagwT, T, = — 27‘/5_2:5;(1“) __ 1-?- - 21(1__i;) =—1+i.
Tax kak koaghbunpuenTs! ypabHeEns AefiCTBHTENLHBIE, TO KOPHEM YPAB-
HEHUH SIBJISIETCH TAKIKE THCIO £ =T = —1 — i . Ml umMeem

(-l z—x)=(z - (-1+i)z-(-1-1)=
=z —g(-1+i)+z(1+i)-(i*-1)=2*+2z+2.

3uaurt, 2* - 2(¢ — 1)2? +2(1 - 2a)a: da xparno x%+ 2z +2. Ilpo-
H3BENEM JeJIeHHe:

7*—2(a — 1)2?+2(1 — 2¢)z—4a [2° + 22+ 2
4+ 2%+ 2z z—2a

—2a2%— daz—4a
—2a2%— 4az—4a
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g=-141
TaxkumM 06pa30M, YPABHEHHE MMEET KOpHA |z =-1—1.
z=2a
3aMernm, 9TO KOPHA T W &7 HE 3ABHCAT OT NAPAMETPS 4, OCKONBKY
MHOrO4JIeH pasnennnca Ha z° + 2z + 2 Ge3 ocTaTKS.
Orser: {—1+i;—1—1i;—2a} — MEOKeCTBO Beex KopHell ypaBHeHU:A
2® —2{a— 1)z + 2(1 — 2a¢)x — 42 =10.
7. Pemwre ypasnenne 12z + 3727 + 492 + 372 +12=0.

D10 TAK HA3LIBAEMOE G03EPATIHOE ypasHenue. Pasneans ero na &2, no-
AYTHM
126 +37(z + 1) +49+ 2 =0.
x x
Crenaem samery  + % =t. Torna z° + a% =% — 2 n ypasHeHue mpe-
HEMAET B,
12(8F —2)+ 37t +49=0; 128+ 37+25=0.

—37+372 —4.12-25 _ —37+ 13601200 _

Haﬁ,;[;an:: lsKOpHH: o= =1 5 —
=g - Hanee,
—37-13 1 _o1
=52 [emal [ote=im
- 1 H 1
g— =87 +13 t=-1 c+l=1
) z 2547
=T
r 25 + +/26% — 576 _2B-7
1232—253+12=0 31‘2=T Iy = 7
|22 +2+1=0 ’ _—1++/=3 N DR TR
Taa="73 3= T2
$4=—1—2‘\/§l
V3 V3

L J3d.ql, 1 _ v3. 1 v3.
OTBeT {4,13, 3 7 i—3 T 21}.
8, [IHna ypasnenna z?— (Z)? =161 Hallgure KOPHH, NN KOTOPLIX BBIDa-
kenMe |z — 5| + |z — 5i| NpUHEMaeT HaMMeHbIIEe SHAYCHHE,
a) Ilycre z =z + yi, Torna ypasHeHde IPUMET BU
(z+yi1)? - (z —yi)*=16i;
2% + 2zyi + %1% — 22 + 2zyi — ¥i? = 164;
dzyi =16i; =zy=4

MR y=%.
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6) |z — 5| — paccrosuue ot Toukn A(5;0} mo Toukm z(T;y);

|z — 5i| — paccrozrue or Touku B(0;5) no Toukm z{z;y).
Haumenbiwee snagenue |z — 5|+ |z — 51| kax cymma pacerosHuit
GyleT ODHHHEMATE, €CIM TOY- \Y

K8 z(z;y) IpEHANERHT OpS-
moli AB, Tak kag AB € Az +
+ Bz. C gpyroit cTOpoHH, yDaB-
senre 22— (Z)2=16i, kak Mhl
BEIACHWUIH, 9KBHBAJIEHTHO YDaB-
HeHMO zY = 4. 3HAYMT, TOABKO
TOYKH ILIOCKOCTH, KOTOpbIE OOHO-
BPEMEHHO MPHHALIKAT M OpS-
moli AB, . e. y=5—x, n Kpusoit
Yy = =, YHOBJNETBOPAIOT YCIOBH-

T *
M 38JIa4H.

C

Taxum obpa3zomM,

y=58—z y=5—=x y=5-2 .
y=£ ! og=4’ -5z +4=0" I:I_
T T €=
Ilpu £=1; y=4 nmomy4aeM pelleHHe z; =1+ 4i,0pu 2 =4; y=1 —
penmieHne zg =4+ 1.
OtpeT: z=14+4ium zn=4+1.
9. HalinnTe Bce KOMIUTEKCHHE YACHE 2, YAOBJICTBODAIONIHE CHCTEME HEDA-
[2—1—-i|<|z+1+i]
BEHCTB
|z +2i| € V2
HNmeem:
lz—1—i[=l(z - 1) +{y - )i|= (2 - 1)+ (¥ — 1)%;
|z+1+i|={(a:+1)+(y+1)i|=\/(x+1)2+(y+1)2;

[z +2i| = [z + (¥ + 2)i| = V=2 + (y + 2)2.

CucTeMa 2aIUCHIBAETCH B BHAE

{\/(m—1)2+(y—1)24\/(x+1)’+(y+1)“_
V& + {7 +27<V2 ’
{(m—1)’+(y—1)2s(z+1)2+(y+1)*,

2+ (y+2)7<2 !
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Kounaexcune vucan

10.

e —2r4+ 14y -2y +1<” +20+ 14+ +29+1
?+(y+2)2g2

—dx < 4y
2 +y+2)<2

y>—x . - AY
2 +(y+2)7 <2’ N
HafineM BHawase TOYKH HepecedeHHs
npaMoli = —z U OKPyXHOCTH pajdy- -2 /
. A / x

ca R=1/2 ¢ uenrpom B Touke (0; —2):
//,

2 +(-z+2* =2

=4
[ X
P+ —dr+4=2;

2 _ —-N:
z -2z +1=0; —3-3
=1
Mur BHIMM, YTO CYMIECTBYET TOJNbKO ofHa Touka (1;—1) yaosnermops-
oiaa yeaosro sagauM. Hrak, z=1-—1i.

WspecTro, uro 2 € [z+ 1 — i| £ 3. Hzobpazrre MHOMKECTBO TO9EK KOM-
IJIEKCHOH MAOCKOCTH, COOTBETCTBYIOMMX YHCIY Z .
3aJaHHOE HEPABEHCTBO SKBHBAJICHTHO CHCTEME

z+1Y+(p-1)*<¥
(z+1¥P+(p-1)*22°

TeoMeTpuyecku 2T0 HEPABEHCTBO ONMpPENEIAET MHOMXECTBO TOUEK KOJNb-
1a ¢ HEHTpoM B Touke {~1;1); pamuyc Gonbinelt oxpyxuoctn R=3, a
MeHbImel — ¢ =2, C apyroft CTOPOHH, H3BECTHO, YTO TOUKS Z DONIY4a-
€TCA OTPAYKEHHEM TOUKH 2 OTHOCHTENBHO och (. 3HaunT, peimeHueM
3a0a4M BYOyT BCe TOYKH KONBLA OTPAXXeHHOTO CHMMETPHYHO ocH OF.

AY
4
Lo TS
. e \‘/)\
, * 2 2
'(‘//\ o 4% 250 12
<4 <L g




CamocToaTenbHbIe
padoTbi

Camocmoameavras paboma 1
Boiuncnure:

1. 21253 z—;,ECJIH z21=104+1i, z,=5-2i;
5—1i .

(1-1)(2+3i)°

3. A+ -—(1-1i);

4. (2—i)2+{1+i)‘—%;

Vitat+ivi—-a +1-a+ivi+a,

Vita—-ivi—-a +Vi—-a-ivi+a’

2+1)%;

(V3i + 1)%(1 + i)

(1 - v3i)®: (1 - i)

((3 +20)(2 - i))z.

2+30){1+1)/°

1+3i)2 (4i—1)2
10'(i+2 tisivi/

2.

I A o
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Camocmosameavran paboma 2

SamTpuxyiiTe HA IVIGCKOCTH MHOMKECTEQ TOYEK ILTOCKOCTH, YA0BIeTBODHIO-
X YCIOBHI)

Jo + il =z — il;
|z -1 =]z +1]|;
|z +2| <25

|22 -3| =1
Im(z) > 2;
Re(z) <« -1;

|z — 2 - 3i|
432 |z +2i|
l2] < Re(2);
10. 0<Im(z)<1

1

=1
= 3;

P ENDE RN

Camocmoamenvhaa paboma 3

Hcnonesys Teopemy Mya.spa,_ BBIYHCIITTE
(1 + i 100.

i-1 !
(-1 +iv3)%;
(1+1)%(1 - V3i)%

: 40

@ -2 (18 - vB) - (1 + VB
(V2+ V201 - V3)°((1 + V3) + (1 - V3)i).
H3z00paznTe MHOXKECTBO TOYEK KOMIJIEKCHON IIJIOCKOCTH
6. % < arg(z) < %;

LA A .

7 %éarg(z+1—i)<:%r,
8. |\/2:i:—y+i\/ﬂ:+2y|=\/§,
9 |;=:+21|>2

=il =

10. Re(% 1) € Im(%).
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Camocmoamenvras paboma 4

1. Hz06pa3uTe MHOXKECTBO TOYEK KOMIEKCHOHN MIOCKOCTH

|z —4]
_2|;1 |z+1|?0’5
a) :Z o | : 6) |Z — 2| .
z—2i 1 1 )
Al L ER =
lz+1i] & \/_ Re(z)/lm(z 1
2. MHOXeCTBO TOUEK MIOCKOCTH 3a7aH0 yenoueM |z — 3 — 4i] € 1
KaxoBa 061acTs H3MeHEHHS BHIPAKEHHS g:g’; ?

3. Onpenenure, gad KAKOI0 KOMIIEKCHOI'O YHCHA BuAa 2 =2+ 3xi Bo-
paxenue f(z)=||z—1-2i|— |z —2— i}| 6yaer nauGommam.

4, Hafiaure HanGonsmee 3Ha9ende Bripamenun f(z)= Iz + i ||z - i | )

roe =2+ yi, ecnu arg(z+ %)=0 n arg(z) #0.

Camocmoameavtas paboma 5

1. Haligyre HauConpmu#l MOAYNL KOMMAEKCHOTO YHCIS 2, OIS KOTOPOrD
CIpaBeLIMBO HEPaBeHCTBO |zi — 31 + 4| £]i].

1z+41|_

2. Pemmrte cucTeMy ypaBHeRult I 242i|_ 1
z-1 NG

8. Wzobpasure uncaa z, YAOBJETBODAIOIEE YCIAOBHID 25 = %.‘ﬂ .

1
(V( mu;i— i sin HQE))” — KOpeHb ypaBHEHAA

= (b+6)2® + 8 x - T+ b =0.

4, Ywmecno =

Haitnure ocTansHEE KODHA.

5. Hamel umena 2z, =3+2a+i{e?+2); 2,=6—a%+ i(4 —a). [Ipu kakux
@ BOGMOXKHO DABEHCTBO 2 =23 T

8. Hamw wncna z; =1+ai; z = \"/g(sin% +cos-g-) . Mpu kexkux a € R

BO3MOXKKHO PABEHCTBO U 25 = 227

1, . —V3, rme z — kommnexcuoe wmcno. Hatizure 217

8. Ilycre A(2z+1), B(z+2), C(2* +22) — TOUKM KOMILIEKCHON TAOC-
koctd. [Ipu KakoM sHaqermm z, |z| =1, miowane Tpeyroneuuka ABC
IPHHEMAST HAMGOJbLICE 3HAYeHHET

A



PeLueHusa
TPEeHUPOBOYHbIX
paooT

Pewenue mperuposounoti pabomut 1

Bapuanr L

1. Haligure 2,y €R, ecom

1) (- 3iy)+ 2y +3iz) =1-2i.
Hmeem: (z+2y) —3y—x)i=1-2i, e

{ z+2y=1 r+2y=1 r+2y=1
-3(y—x)=-2" —x+y=%’ 3y=%'
=1-9.3 =_1
{:r:—l 25 {:t— 5
y=3 y=3
2) 52—2y+(z+y)i=4+5i.
Hmeenm:
5r-2y=4 o [sz-2y=4
z+y=5" +2.|Z|’ Te=14"

y=95z—4¢ =3
z=2 T lz=27
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3) 22-5(z—-1)+4di=yi—1.
4=y y=4

4) (*+1)i+3=g(z—2i)— 2.
Hmeem: (2?2 +1)i +3 =122 — 2z — 221, T.e.

Monyuaem 5 {..'-:=
xr=
2 _ | 2 _ = y=
{a: 5z -1)=-1 {a: 5z+6=0 [w=3. {

=23
' -22=3 .1:2—2:.0—3=0' [x——l- _ 1
Pyl=-2" |@+1)?=0 T TET

5) (2 — 3yi)(2x + 3yi) + dzi =97+ 8i.
Haxogum: 4x? — 992i% + 421 =97 + 8i, orkyaa

42’ + 9y* =97 16 +9y* =97 =9
4z =258 ! r=2 ’ r=2 !

s [{:
y=
[y=_3. y

t=2 {m

2. Bomoauute geificTeHd:
1) 1-i (-0 -i) 1-2i+i% _1-2i—1_ -2i _

2
3

2
-3

«
I

1+i (Q+na-1 1#-iz  1+1 2 "

2) 3-2)(6+4i)—Ti+1=15-10i +12i —8i*—7i+1=
=15+2i+8—Ti+1=24—5i.
3) (1—-2i}2+1) 2—-4i+i—2i® 4-3i 3+2i

3-2i - 3—2i T3-2i 3+2i
_12-9i4+8i-6i _18—i_ 18 1.
9 — 4i2 13 13 13

" (8-2i{2+i) 6-4i+3i—2i* 8—i _ i—8 1-5i_

(2-31)(1-1) 2-3i—-2i+3i? —-1-5i 1+5i 1-561
_i+40i —8-5i® -3 +4li 3 , 41,

=T 1-aiz 2 26 T%"
5 1-3i  4i+1l_ (-3 +@i+1)(i-2)
i—2 Tai-1 (-2)@i-1)
 —146i-0i%4+4i%+i-8i—2 2-i _
= 32 —6i—1+2 =O-hn

_@-D147) 54151 _ 1 3,
(—1)% — 49i7 50 10 ' 10
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Bapuaur II.
1. Haligure z,y € R, ecan

1) (z-—-2iyg)+y+2ix)=2-3i.
Hmeem: 2+ y— 2(y — x)i =2 — 3i, sma-mrT,

7
{z+y=2 rry=2 {+|Z| ¥=1
_q? _ 3 ; .
Ay—x)=3 —zt+y=3 [1]-[2] z-:i
2) 94 2(z + 2y)i = 10i — 6y.
Tlosyuaem
—6‘y=9 . y:—g . y:—%
Az +29)=10" |z=5-29  |x=8
3) ¥Pi+3+i=¢*+2iy+2y.
HAmeem (v2 +1)i + 3=19 + 2y + 2iy, Toras
=-3
3=y"+2y ¥ +2y—~3=0 [y_l C we1
yV+1=2" |@-1*=0 Py
y=1
1 : :
4) E—4y1=4+1:r:.
Hmeem
1 =1 =1
{;:4 . {3—4 . {$—4
! 1°? 1 -
5) (c+y)P+6+ci=5c+y)+ (¥+1)i.
Toay4aem
(z+y)*+6=5(z+y) (z+y) -5z +y)+6=0
z=y+1 ’ z=y+1 )
Janee,
T+y=2 +1+y=2 =1
z+y=2 y yroTy ¥=2
z=y+1 c=y+1 =11
z+y=3; ; 3 2,
syt y v y y=1
z=g+1 z=y+1 =2
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2. Bwminonuute gefcTBHSA:

4-5i
O T
_(4-51)(2-3i) 8—10i —12i +15i%
T (2+3i)2-31) 4-9i2 -
_-7-22i _ 7 _ 22,
13 13 13
2) (%—%i)(%+§i)+2i—l=
=§—%i+§i—3’+21—1——%+2;1
3) 2-3i -
(A—1)(2+21)
_ 2—3i _2-3i _
T8-2i+8i-2i2 10+6i
_1(2—-3i)5-3i) _1 10-15i —6i+9i*> _ 1-21i _
T 2(5+3i)5-3i) 2 25 — 9i? T2(25+9)
_1-21i _ 1 21,
T 68 68 68
8 (2+3i)(2—i)

@-2D)(1+1i)
_4+6i—2i—3i% _7+4i 5—i_
T3-2i+3i-2i? 541 5-1i

_35+20i-7i-4i®> _39+13i 30 13, 3 1,

% — i? =T 2% 2672 “2ta
143i |, 4i—1_
 Tr2tsiFic

C(1+312+ @i +2)
- i+2)3i+1) -
_9i+6i+14+4i®—1+8i~2_—14+13i -1-7i _
- 3i24+6i+i+2 o147 -1-T7i
_14-13i+98i —91i® _105+85i _21 17,

(—1)% — 49i2 50 10 " 10
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Pewenue mpenuposouroti pabomut 2
Bapuanurt L

1. Bwmmoanure BeftcTBHA:

1) i +i20+i30+i35+i54.
Tak kak i?=—1,u i* =1 gaa moboro k € Z, TO MBI NOIyIAEM

i*=itit=i?=-1,;

2 _ (14 =1;
i30 = 12812 = _1;

e _ (i4)9_ 19_1,

i = 152 = (§4)1942 = 1.

Tosromy i +i® + i +i¥ +i¥=—14+1-141-1=-1.
2) (i+i"+iM{I¥+iv+i)=
=(i+i% 07T+ 2T R 4+ 120 =
=(i-i+i)-i+i-i)=i(-i)=-i*=1.(} = 5 =-i)
3) ~v3+ivB _ (=vVB+ivB)(-1-iv3) _
-1+iv3 (-1)*—1i2-3
_VB—ivB+3i—i%-3v2 _

1+3
_{(VB+3vD+(B-VB)i _ vB+3v2  3- V6,
4 4 4 ’

2. Hadigure r U y @3 CUCTEMBI YDABHEHMI:

iz —2y=-1i . 1
1+i)x—-2iy= 3+ @

i?p —2yi =—i? —z—2gi=1
1+1).1: 2iy=3+i' |(+i)e—2iy=3+i’

—z-yi=1
2+i)z=2+1i"

$—2y1—1 yi=-1 y=i
r=1 P la=1 7 Ja=t"
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3. Borunchnte:
—((—3i)(2 - 4i) - (2 +4i)3i)” 3
- +ie-(2-Lti- 1338y _y;

B —(12i? — 6i — 6i — 12i?)? B
- . C . {1+2i)2 -
(-i)+2i+in-(2-4i e )-ai

— 12242

. iy 2—i—1—4i—4i2 =
2i—2i?7 — T — 41
144 144 144(1+1i)

Sy 1-1 @

1)

21+2

_ 144 +144i _ :
= 5 =72+ 72i.

Bl i 6+ )i - 24 31)]
|(w—4')(i—4)+10—5i|
|( i) +G+i)i-2-3i
[(—%5-—-41)(1-4”10 51|
B54i)—i+i?+5i-2-8i
(-2-5-(3+4i) - 4i)(i —4)+10-5i

b+i—-i—1+2i—2
[(3+4i —4i)(i —4)+ 10— 51|
_ [2(1 + i) _ 21+ _2v2 _ 1
“Bi-12+10-5i] |-2-2i] 2v2

2)

3) (1+i)¥=
(L+i?P=(1+2i +i?P=2i*=-81 (i*=—i).
—1+iv3)\?
9 (552 -
_ (=1P+3(-1)%iv/3-3i%-3+1°-3V3 _
o =

_—1+3v3i+9-3V3i

~8_
8 “S*L
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)'= (zbD) - (2=

4-—2i2

124

5) (2+1\/_)“‘ ( 2

2 2+iv2
[(a+b)" =a* +4a% + 66267 + 4ab® + b*|

_ 2 —4.2°iv2+46-2%-i%-2-4-2i> 2/2+i*.
81

= ll(zo — 48— 3230 + 16\/§i) =
. _____
= gp(-28- 16v/2i) & 6 /3i.

Moxxno geficTBoBaTh MEANE:

(BivB)™ L ((ZEIVE) L (araivEeain)
- (1+2i\/§)—2= (1+4iv’§+ iz,s)—l _
2 4

z(—7+4\/§i)—1: 4 _M-T-4v3)
4 T +4+/2i 49 — 32i2
_—28-16v2i _ 28 16 55

= 81 =5 @V

IB+2\2_fi+2 (i+2)( i+1))’_
o (F)-(2) -(52Y) -
=(—12 21+1+2) ( )
_9-6i+i?_ 8- 61=2_§i

4 4 2
IlpeacTaBrTe KOMIIEKCHOE 9HCNIO B TPANCHOMeTpHIeckolt popMe

1) 3=3(1+0-i)=3(c030+ism0)
2) —2+2v3i=vATIa(-2+ 1) =

=4(—%+§1) 4(cm—+1sm2§r)
=-1
T. K. {:::=£: = (p=%"r.

2
3) 2i=2(0+i)=2(cos§+isin-’25),
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4)

5)

lfi=fﬁ*{jl))=1+i=¢§(%+%i)=\/§(msg+isin%),
=L
rakkak L +i|=v2 & C?S(p_‘llﬁ,asﬂam,tpz%.
3]11!.0=E
1+coss;r+1sm8?ﬂ—2 2471r+21cos471rsm47ﬂ—
= 2(:034,; (coeas%"'r +i sm%

Onraxo cos - 4” < 0, 3HAYMT, NOCAENHEE BHIPAXKEHAES HE HABJIACTCA

Tpumuome'rpuqecxon hopMOIt KOMINIEKCHOTO YHCIA.
TlpencrapuM DaHHOE YHCAO HECKONBXO WHade, Jlns 3TOMo BOCHOAL-
syeMca GopMyIaMH

—008-4—1r-=008( 7 )

T
g7 T
sin 7 —sm(1r+ 7)
HOJXY4YMM 4
8r 8m i T 41:)
]_ _— = = —_ - —_— =
+(‘.037+131117 20037( 0037 131117

= —200547“ (cos(:r + —) +i sm(:r+ 4,;'())

_ 4 llw liw
= 20037 (cos 7 + igin—— 7 ),

TaK Kak —2cos = 4" >0, TO 970 BHIpATKEHRAE NPECTaRAReT cobolt TPU-

ronomerpnqecxylo hOpMY KOMILIEKCHOT'G MHCIIA.



126 Petuenua mpenupocousus palom

Bapuant IL
1. Bumonmmre geficraus:
1} i+i2+it+it+i%=i-1-i+1+i=i.
2) ('13+i13+i""‘)(i5+i15 iB)={(-i+i-i}i-i+i)=
=-i()=-i’=—(-1)=1,

. . s s 12z i s 24— 1 .
nockonpky 1 =1.-i?=—i; P =iR.i=i; iB=i¥{'=2=-1;

-

Poitizi; 0= =1 (—i)=—1; i®=i%.1=1.
gy Y6-iv3_ (VE-ivB(VE+i) 3vE-3i+vBi— i3 _
3-1i 3-i? 3+1
= (3ﬁ+ﬁ):(‘/6_‘/§)i =§(\/§+1)+—‘/6;‘/§i.

2. Hatoure z M y H3 cHCTEMBbl YpaBHEHHI
(1—i)z —0,5(1 + i)y =0,5(— 1+1) -2
(-2+2i)x —2y=—4 (2] ’
(2- 21)9:—(1+1)y——1+1 .+|z| 2
(—24+2i)z—2y=—4 @

-B3+iy=-5+1i
(-2+2i)zg —2y=—4"
H3 nepsoro ypaBHeHHs DOJTy48eM
_B-DB-i)_15-3i—-5i+i% _14-8i _7-4i

3-!-1 9 iz 10 10 - 5
Ha sroporo ypaprenns, (—1+ijz=y—-2, e, (_1+i)$=7—54i _9.
7—di T—4i-10 _ _3+4i. 3 4i
_9= 1 344
Hanee, — 2 5 5 s (-l+i)z= ==
g 3F4i _ BH41+1) _ 3+4i+3i+4i2 _
5(1—1i) 5(1 — i2) 5.9
=347 1, 7,
T 10 TR
Taxum obpasom,
z=-L4Ti :
10 * 10 — z=-0,14+0,7i
y=L=4i y=14-08i
5
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3. Bemacnnte:
(31(2 + 41) + (2 - 4i)(=31))?
Q+ia-ip-(2+3i+ 22y +4i
— (6i + 12i? — 6i + 12i%)?
(1+1)(1—2i +i2)— (g + 14 200~ 21)) 4

4i
- (=24)° -
__2i (5 1+1—41+4l)+41
_ 576 _ 576 _
~2i+2- (A=A g 92— S
576 _ 576 _ 576(2,6i —2,2)

T o+ 3iyol " 26i+22 (261 -(22°

_ 576(26i —22)-10 _ 576-2(13i —11)- 10
T —267-22 T —1160
3168 374.4i

29 29

288(13 —11) =

12
) |BHE 45— 5 - i - (2-3i)

[3 — 4i)? No. .
|(W +41)(1 +4) - 10—51|

%(5—i)+i—(5—i)i—2+3i|

(%(3—4i)+4i)(i+4)—10—5i|
5—i+i+i2—5i—2+3i|

(3—4i+4i)(i+4)—10—5i|=

2-2i]  _|2—2i|

TR 12-10-5i] |2-2i|

3) (1—i)f=(1-iPP=0-2i+ 12)3 =(=2i)% = —8i% = 8i .

4 (%4'%04 (\/_) (1+i)= (1+41+61 +4i'+ i) =

=%(1+4i—6—41+1)=—(- )=—1.

5 (153)' = (G R0=0y' (1=zieity Oy

=1
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§ (L) o (iziy'o(UoDE2Dy

3-is5 3-1i 3-i)3+1)
=(12—3i+4i - iz)z= (13+i)2=
89+1 10
_ 169+26i+1% _ 168 | 26i _ ,
= 100 100 + 100 =1,68 4+ 0,26i.

4. TlpeacTaBbTe KOMILIEKCHOE HHCJIO B TPHIOHOMETpPHYeCKol (opme
1) 6i=6(0+1i) =6(cosE + ismg) .
2) —v3-i =2(—§ - —1) 2(003 + 1sm7ﬂ')

2 6
—_v3
r |—~/§—i|=\/(\/§)2+12=2n{_ T o el
sing=—3
3) 4=4(1+0)=4(cos0+ isin0).
1 _ 1 1-i  _11-i_1l,4_u_
Y T asnaon 2 2 —at-d
V2L 1Y Y2 (geTm In
=2 (ﬁ ﬁ’)_ 4 (COSAI +1infE),
1
cosp = ——
nockonsky |1 — i|=vIZ + 12=+/2;n ) ﬁl =>(p=%r.
sing=——7%
6 6 237 x_ 8m_
5) 1+ct::r35 +1s1115 = 2 cos 5 +2181115 5=
= mf 3w 3
—2(:085((:035 +131n5)

Onpaxo cos % < 0, ¥ 3HOYHT, 3TO He TPHrOHOMETpHIecKul BuA
KOMINIEKCHOTO Yiena. TIpencTapnM ero HECKOMBKO HHANE, IOB3YACh
TeM, 4T0 — cog X = cos(m + 3?“'), —sin% =sin(7 + 3?")

5
%) 6m _ 3z, 3r 3
1+oos5+1sm5_ 20085( cosy nsm5 =
2063 (c0s®T 4 1 6in®T
= 2cm5(0035+1sm5

Tak kax —2¢os 3?“ >0, To 9TO TPHrOHOMETpPEYecKas (hopMa KOM-
TTEKCHOTO 9HCIA.
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Pewenue mpenuposovwnol pabomus 3

Bapuanr L
BrmoannTte geficTeus:

1) 2(cosg + ising) - 3(cosfh +ising} ) =

=6(cos(§ +73) +1sin(F +73)) =

—6(cos—+1sm ) 3(v2 +iv2).

4
2) (cos%"r +1i 51n2;r) (oosg—g + 1smg—g) =
—(cos 2%—3—3)+131n(2?ﬂ—3—“)) ms—+1sm:=§+%i.
3) ﬂ_ (311' 5 )+18m(31r 51r)_

coa— +1sm 8

—cos(-) + 1sn(~1) = 2 -

1) (V3+ 1)(00312 + 1311112)

[+ i=2(F + §i) =2(cof + 1) |

—2(0036 + i 51n6)(c0812 + isin— ) =

- 2(.:03(2 + ) + 131“( 12)) -

=2(cos%+ 1sm4) V2 +iv2

T i s T
cos 5 +1sin _
1+i

[1+i—\/_(\}_ ‘;-')zs/_(oosz+isin%)]

+ .
x/;c():;— :1:11124) v{_(‘m(w §)+isin(F5-7)) =

“fieo(c) imn(-5) - (F-3) -
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6 (Lt _
(1-i)

(008(4 7?')+:Eim.(4 T")) a (cos:-r+isimr)
—\/_(msz+181nz)=\/§(¥+§)=l+i.
7) (1-iv3)F=

[ ) o)
= (2(coo(-3) +15m(-3))) =
=2“(cos(s bx )+1sm( 5—“)) 64(cos 10 + i sin 107) = 64.

3 3
9 (3-29)

(8- fies (8- 3) -t it
—(x/:?)m(?—%i)mﬂ‘ oos%ﬂsi HTW =
=35(oos(10 %) + isin(lO- _1_{1?15)) =3° (00552‘” + 1sm53ﬂ') =
=35(oos% + isin%) =243(% + ?1)

9 1+i)PQ-iv3i=
[1+1 \/_(v,_ T) \/_(oos—+1sm%)]

1—3i= 2(1——%:) 2(0055?ﬂ+131 ?ﬂ)

- (o 1603) o+ ) -
= 2*(cos 27 + i sin 2m}(2%(cos 2 + i sin 27)) = 2¢ - 25 = 210 = 1024.
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10) (‘“‘T‘ﬁ)&%(#ﬁ "~ [neN]

2 . . 2w
(congt +i0in )
C 1 i |, . . 4#)
i=1 (005—3 +1sm—3

_ 2 .. an dr .. 4wy
—(008—+1sm—) +(cos?+1sm?) =
= (cos 2mn + isin2wn) + (cosdmn + isindmn) =1+1=2.

-
I
—
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Bapuaurt I

Brinoannte apelicrens:

1) 10 (cos— + lsm3—1r) (5(003— + 1sm1)) =

4 4 4 4
=2 cos(———)+1sm(%’r—%))=2(cos%+ isin%):?i.
2) (cosg+1sm5) (cos—+1sm?g =
“(oE i) v ) e rong g
oos -l-lsm7—1r
3) —10=

0085 +lsmg

= Ir _wy_ T T
003(10 5)+1sm 10 5)—cos2+lsm2—1.

4) 1+ 1)(003— + 131n3;) (cosg + isin%) =

=(1+ i)(cos(%'{+ 8) + 18]1‘1(3; + 8)) =

(1+1)( os—+1sm ) 1+1)i=—-1+i.

i
5) —m—————=
) cosf +ising
. E v-E
_ 1-(0+1i) =c032+1snn2
oos%+isin£ ccusl+isinE

4 4
=cos(%—z)+1sm(%—z —cosz+1smI=T2+72i.
0 -
1—i=\/§(%— \%1) =\/§(0057—1r+ 1sm7I
1+i=\/§(% %) \/_(oos—+1smz)

(s/_(c 1sm——)) 4\/5(005-3% + isin-"'—;-) _
(\/ﬁ(oos +i sm-)) 2\/5((:08-3—:- +1i sin?f
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7) (VB-i)=
[v3-1=2(F - 1) —ofowlle s ssntie) |
- (2( 11671' + isin 11671')) — 2%(cos(—#) + i sin(—)) = —64.
8) (§+%i)a=

[l+£i=l-(005£+18in%)]

2 2 3
=(~/’)"(1 ‘/gi)s=3‘(oosg+isin%)s=
—3“(0038;+ lsms?:r) 81(00823’T+1sm23)=81(—%+§i).
9) (1+iv3)P(1-i)=
A 1+vBi= 2(2 —i) 2(cos§+isin%)
1—i=\/§( ——1) \/_(cos—+1sm74)

(2 (cos§ +i sm;))s(\/i(cos% +i sm?_:)) =

QS(COST + isin== 3 )23(0 32? + isin 2;")

(el 4) (5 13)) -

—oll 19 197 11 T in
2(008 +131n6) 2 6+131n6)—

_2“( ‘é_ ; )=-—1024(\/§+i).
10) (ﬁ+i\/§)2”+ (\/ﬁ—i\/i)z"_

2
v’-+1\/§ ‘éﬁ+‘/§1 cos—+lsm%

\/_ lv@ \/5 V2. Tm fis

g T g g i=cosTpdisinTe

= (cos™ + igin®Y" ( n m
—(COS4+181114) +cos4+1sm4) =
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T . 7T . . (7T _
(oos2n+1sm2n)+(cos(2n)+1sm(2n))—
0+i4+0—1i mpm n=4k+1;
=14+0-1+0 mpu n=4k+ 2;
= kecZ.
0—i+0+i npn n=4k+3 " "€

1+0+4+14+0 nprn n=4dk;
(ZEREY" 4 (BT
0 npu n=4k+1;
—2 npu n=4k+2;
= roe ke Z.
0 ope n=4k+3; A
2 mpr n =4k,

Hraxk,
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Pewenue mpenuposovrot pabomwu 4

Bapuanr L

1. BrmommaTte AeficTBAS ¢ KOMIJIEKCHBIMA YHCIAMH, IPEACTEBHE AX B TPH-

rosoMerpIrieckoll hopme.
1) 5(003— + 1sm—) (2 5(cos— +i sm—)) =

( (———)+131n(———)

= 2((:08— +i sm—)

2) 6(0081—181[[6) 05((:034 +131n4)

6
inT — gin~1i® T o cpgil
Tax kaK —sinZ 6 =sin 5 u cos> 6 cos 6 TO BbIPAEHHS
T 11w ‘n 1
cosg—lslng—cosT+1 6

ABJISETCH TPHIOHOMETPHUECKOH (OPMO KOMILUIEKCHOTO THCITA.

CJIO?:}AOBaTeJIbHO,
T T
6(0086 1Sm6) 05((:084 +1sm4)

- 1l 1ixy T 4 isinZ
—S(COS 6 + isin 6 ) 05(cos4+1sm4)

=3(cos(11ﬂ- )+1sm 116ﬂ+4))

= 3(cos— +i sin L

12 12
2. Bruncoure: v -2+ 2iv/3.
Hmeem:

[-2+2iv3| = /(-2 + V3P = vVA+ 12=¢4;

—2+2i\/§=4(—% + ﬁl) 4(00621r + 1sm2—ﬂ')

2 3 3
3HAYNT,
\/—2+21\/— J 008—+181n2?7r)=
2 27
+ 2wk = 4 2xk
—\/_(oos 1 + isin-2 1 )
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daa k=0,1,2,3 moay4daem:

k=0; z1=s/§(cos%+isin%)=\/§(§+%i)=76+%l,
k=1; z2=s/§(cos%"r+1sm2%)=»@ —%+—\é—§i)=
—_¥2 V6,
2 2”7
k=2 z3=\/_(0067—ﬂ+isin%)=\/§(—T3—%i)=
__v6_ \/_
) L
k=3; (oos +1sm5—ﬁ)—\/§(%—?31)=—2—2—§i.

Oreem: {74_? _T2+T61;"T6 2 2 761}

3. Peumite ypabheHuA;

1) #22+424+5=0.
Tlo dopmyne gerHoro koacpdpunuenTa

212=-2% V/I—-5=-2% /—1,
HO v—1==%1i,Torma 2z, =-2=41.
2) *-2x4+4=0.
Myers f(x)=2* — 2z + 4, cae penurenn d =% 1;+2;+ 4.
J(-2)=—-8+4+4=0, sHaumr, f(z): (z+2):

402 —2z+4 |z + 2
z°+2z° ‘ x® —2x+2
—2x% -2z
—25?—dz
2z+4

2x+4

Hanee, £? —22+2=0; T1.=1+y-1=141i, (V-1=ti)

3HaYNT, Bce KOPHH YPABHEHHA HailJeHE!.

Orser: {-2;1-1i;14 i} — xopeu ypapnenns z* —2x +4=0.
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3) 22*—522+6z-2=0.
Croboannrt aneH AMeer genArean ¢ =x1;1 2. [Ipoeepasa, yGexc-
JaeMes, ITO HenuX KopHel HeT. Ec/ig 3ke KOpHH pAIHOHAJILHEE, TO
eme HeoOXOAAMO TpORepATL d =1 1 . Hmeem:

Ul

9.1 5.1,6.1 _o_

3 2 5 -=4+3-2=0,

4

nf-“-l"—'

2

24— 52" +6x—4 ‘ 2% —1
P 2?2242
—4z"+62
—4zi 422
4x-2

4x—-2

3HAMUT, = & — KOpEHD:

Hanee,
P _9242=0; Za=14v-I=1+i (V=I=%i).
N
Orser {5,1 1,1+1}.
4) 2% 0z +8=0.

t=8,
Iyere z® =t, rorna mmeem t2 — 92+ 8=0; [t—l

a} Ilyers 2% =8, Torma rmeem:

z=V8=2¥1=23/(140-1)=2{/1-(cos0 + isin0) =
_ 0+2xk . ... 0+ 27k
_2(003—3 +1sm—3 )

Ipu k=1;2;3 mony4yaem

k=1, =z =2(c0e2 4ism) = (-1 1 ¥y

)
=-1+V3i.

k=2, x2—2(0083 +1sm4") 2( 12_3—1)=
=-1-+3i.

k=3, z3=2cos2xr+isin2r)=2{1+0-i)=2.
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6) Ilycrs z° =1. [Momyuam:

z=V1=(1+0-i)=Vcos0+isin0= oos2gk+1sm2§k
AHaNoruaHo HAXoauM
1 3. 1 3
z4——2+§1, a:5=—-2——-§1; =1

c fpig 1 V3, 1 VR }
OTsBeT: {1,2, 2 21, 2+ 21, 1 \/51, 1++3i}.
5) 6z'—192® + 252 — 1924+ 6=0.

3T0 BOGBpPATHOR YPABHEHNE, OMETHM €T0 Ha T-:

622 - 192 + 25 — E+i_0;
2, 1 1N e
6z +F)'19($+E)+25‘°'

OBosnaunM x+%=t; a:2+$—=t2—2,mr,ua.

6(°—2)—19t+25=0; 6t*—19t+13=0;

194 \/36'1' T3z _19+7, [t=1%,
b= =12 0 |e=1.
a) t=%§;x+%=%;6m2-—l3z+ﬁ=0;
o o BEVIF—436 _13+5 _ _3 _ _2
127 12 TT12 0 Ty Ty

1

6) t=1; I+m=1; P—z+4+1=0;

T34 =

1++/=3 _1+£v3/=1_ 1+ 3i s
2 = 5 == . (W-1=%i)

OTeer:

2,31+ Vi)
3y 2 ’
6) f(z)=0,rme f(z)=3%"—5z"+ 10z - 8.

Haeectho, aro f(1 + i) =0. Hatimrre ocTannuse XopHM.
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7)

Kax ME! y:e 3HaEM, ec/Ti YpaBHEHHE ¢ IEIBIMH KoxbdbHIHeHTaMH
HMEET KOMIUIEKCHHI KOPEHB Z, TO T TAKME €CTh KOPEHb TAKOro
ypasnenus. Ilycts ¢, =141, Torma Z; =1 — i. Ilo sTAM kopHAM,
HCHOAE3YA TeopeMy, 0OpaTHYIO TeopemMe BreTa, cOCTaBMM KBaIpaT-
HO& YPaBHeHHe, KOPHAMHA KOTOPOTO OHH AB/JIAIOTCH!

T+ T2 =—p
{21$z=‘1§

B FT=1+i+1-1=2, {p=-2}
{III2=(1+i)(1_i)=1_(i)2=1_(_1)=2; (g=2)

T.e. 22— 2%+ 2=0, Torma

325234022+ 1028 2® — 22+ 2
35— 625+ 627 3z +z -4

632 +10z
£ 287+ 2z
—4z*+ 8z—8
—4x2+ 828
Hanee,
322 +z—-4=0;
-1+£/1+48 147
234 = 6 = 8
Ty=1; 4= —%.

Orser: {—;—; I;1-3;14 i} .
22 =3+ 4i (pewnrs gByMa ciocobamu).

Tax kax |3+ 4i| =3 T £=5, 10 3+4i=5(g+§-i);

CoBPo =73 4 4
{ . i,aﬁatmrr, tg(po=§,rpn=a.rctg§.,£la,nee,
By = ¢

3+4i=35 cos(arctg%) + isin(arctg%));
z=+/3+4i= \/5(cos(a.rctg %) +1i sin(arctg é)) =

3
- Ja(m

Em

arctg%+21rk . arctg%+21rk
7 +1 5 .
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Ilpr k=0 noayuaem
Zp= \/5(008(% arctg %) + isin(% arctg %)) . Hdanee, HaxoaHM

m(2mtg4) \JHM MCtg \/: \/_ %
cos(af 53) \/1+tg2(ar°t3) \/1+

sin(% arctg %) = ‘/1 + cosz(% arctg %) =

Toras z, = \/_(T +1T)=2+i'
IIpun k=1 ameem

4= \/g(cos(% arctg%+ -,-r) +1i sin(% arctg% +1r)) =

—\/_( (2arctg 4) - 1‘sm(2 arctg 4))
= w\/g(coa(i arctg 5) +i sm(§ arctg %))
YauTHEBAA TpeIHAYIIHE DEIYAbTATEI, NOAYYHM

n= —\/5(005(% arctg %) +i sin(% arctg %)) =—zg=-2-1.
Hrak, 20=2+1i; z; =—2—i. Iposepka nger (2+1)2 =3 +4i;
(—(2+1))?=3+4i, ssaunT, KopHn Hafiziens BepHo. Ho Her am
B JAHHOM Chydae criocoba Gonee mpocroro?
Iompobyem penmth HMHsue, Ilyets z=x+yi; x,y€R, Torma
2=z + 23yi + y?i?; 22 =17 — y? + 22yi , ¥ YpaBHEHHE HMEET BUT,
22 —y* +22yi =3+ 4i. lpupasEuBas KoadMIMEHTE TpH fAeit-
CTBHTEALHOH H MHAMON Y&CTH SHCIA, HOMYUHM:

{32_y2=3 {x—%~—3 {34—33:2—4=0
— ¥ 9 N =g H
2zy=4 y=" y==

cn|c.-a

g?=4 {’w"‘ 2

$= 1’ I¢R,; y= . me. z=241 )
2 r=-2 r==2-1

V=z y=-1

OTBer: 2=2+1i; 1 =—-2—i —xopuH ypasHerns 2> =3 +4i.
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8) 22— (65— i)z+6=0 (pemmTs Apyms cmocobamu).

—24 _

_5-ik /(5P -24 5-i+/25-10i +i°
- 2 - 2
Cb—iE/2101 _ 5—i£VI0/=0

B 2 - 3 ‘

Bocnoanzyemes Teopemoit Myaspa.:

Vv=1=+v0-i= cos—+1sm3?w—

2
7+2frk .. T+2nk
=cos + isin
2 2
Tpu k=0 uMeem: zj = cosgf+1sm%_—T2+§ X
Mpr k=1 umeen: zl—cos-':l—ﬂ+1sm 1 =§—§i.

le =

5—i+s/ﬁ-z.3_5—i—\/5+\/5‘1_5—\/5+\/5—1
2 - 2 -2 2

B—i-V10-2 _5-i+v6-vhi _5+vE_y5+1,,
2 2 2 2

2q =

23_5—i+\/ﬁ-z{_5—i+\/5—\/5i_5+J§_\/5+li.
= 2 = 2 T2 2
5—i—v10-2, 5—i—+B+vEi _ 5—v5  VB-1,
2= 7 = 5 == + 5 i,

T.€ 21=xZ4 H Zp =23,

3HAYUNT, Z; = -V ‘2\/§+ ‘/52* 1, 3 +2,/§ ‘/52—'_ 1

Boamoxen u xpyroi cnocob.
Tak xax z=z+yi; z,¥ € R, 70 ypaBHenue nmpumer BuJ

(z+yi)?— (56— i)z +yi)+6=0.

Torma z2 + 2xyi + 4212 — Sz + 21 —Byi +yi® +6=0.

inmz= - i — KOpHH.

DIpynmupya, nonynm (22 — g2 — S5z —y+6)+ (2zy+2 - 5y)i =0

3HAYMT,

o~y —bs—y+6=0
oy =5y~ 2 )
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Tax xax 22 — 5z ={x —2,5)2—2,5%; v +y=(y +0,5)2 — 0,52, 1o,

NOJCTARIAA B NIEPBOE YPABHEHHE, HOJIYIHEM
(" —5x)— (¥ +y)+6=
=(z—2,5) — 2,5 — (y +0,5)2 + 0,52 + 6=
=(z~ 257 — (y+0,57 =0.

Torna
t—25=y+0,5 . z=y+3
r-25=-y—-05" |z=2-y

) z=y+3 r=y+3
a H H
2ry="5y—=x 2y +3)y=5y—y-3
z=y+3
20+ 2y +3=0 (D<0)’

Kopue#t HeT, Tak kax y € R.
z=2-y z=2-y

6 ; ;
) 2ry="5y—=z 22-y)=5y—2+y

r=2—-y

{x=2—y , y= L+ V5
2% +2 —2=0" 2 -
_-1-+6

y=—5"-

g =Z1+V8_5-V5
5 g

-1
th= _‘—“"‘-g\/g, X =

Ionyuunu Te e KOpHA.
B mavnom caydae seibop ciiocoba pellleHAs — Mo BKYCA.
Ornem: z= §-:2—-‘/g + _[52_—1.1; 2 = 5+2~/5 _ \/52+1i
ypasHenus 22 — (5 — i)z +6=0.

— KODHH



Pewenue mpenuposoxnoil pabomu 4 143

Bapuanr IL
1. BrmonauTe meficTBHA ¢ KOMIUIEKCHBIMA YHCIAMH, NPeICTABYE HX B TPH-

TFOHOMeTpHYecKol dropue.

1) 4((:05% - isin%) 1 5(003:% + 1sm3I)
Bropoit MEOXUTENb Y3Ke IPeACTaBIeH B TPErOHOMeTpHIeCKOH (op-
M€; A4 MEPBOr0 MHOACHTENS] HMEEM:

cos% - isin% =cos% +i sin(——) =
= cos(——) +i sm(——) = cos'*:-;-— + i 81n5:;r

Tenepb 3T0 TpHrOHOMeTpHuYecKad GopMa 1ncna. Toraa
ﬂ _—
4(cos 3 isin 3) -1,5 (cos + isin= )

=6(008(5—?r + 3_?r) + ISm(%‘T + %)) =

i i
ﬁ(cos + isin 12)

12
2) 8(0062?“ + 1sm23—ﬂ') g(cosz + 131114)
2 ol 3) ()

_ St il
—12((:0312 +1sm12
2. Beumcmure: 42— 2iv/3,

12 - 2iv3] =/ (2)2 + (—2V3)2 = Vi + 12=¢;

2- 2i\/§=4(1 - ﬁl) =4 cos51r +i 31115—;-) FHAYMT,

2 2 3
{/—2+2i\/§= \/4(oos-—+1sm-—)—
5r
= +2nk 5% 4 onk
_ Sr+6xk | . . Bw+6mk\,
—\/5(006—12 +1£un—12 ),

Sar
c035—1r 1+COS _ 1—— ,\/2 'V/§='\/4_2\/§=\/§—1
12 V 2 2 2 242 22
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1- cos—
Ananorm4so, sin—51 = = V3+1
12 2\/—
IIpa k=10,1,2,3 nomxy4aem

k=0 zl—\/_(cos—+1sm )—‘/_ \/_+1

—1. _ iz 11_ar __V3-1 J‘+1._
k=1, zg—\/i(coslz +1i sm12 = 2 +—2 i;
k=2  z3=+2(cos 177r+1sn117—2“' _—ﬁ2l-1-_‘/§2+1i;
k=3, 24_\/_(cos237r+1sm237r) ﬁ_l—@i.
12 2 2
OTeeT:

{\/5-1 J'+1 _V3-1, V341,

) 7 T2 b
_V3-1 \/'+1 s/i—l_\/§+1i

2 2 2

3. Pemmnre ypaBHeHUS:
1) 22-32+3=0.

3&:\/":—1 _3+v73_3+V3/-T _3+4V3i
2 - 2 - 2 !
=3 ﬁ—. _3_ V3,
T.€ 2 = 2+21,zg—2 2:l.
2) 8-z +6=0.
f(z)Y=2® —z + 6, toe nesmremm d :I:l +2;+3;+6.
f(-2)=-8+4+2+6=0, toraa f(z):(x+2).

22 0x — 2+6|x4 2
z°+247 ‘ ©-2x+3
25— g
—2z%—4z
3z+6
3246
Hanee, 1* — 22 +3=0;

P2=1£vV=2=1£V2/=T=1x+2i. (V=1=%i)
Orper: {-2;1-v2i;1+2i}.

22 =
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3) 2 +5z2+6z+2=0.
CrofGonumiit unen uMeeT peauTens d=x1;+ 2. Ilposepss, y6ex-
JREMCH, YTO LEJLIX KOpHeli HeT. Ecau e XopHH pauuoHaIbHEe, TO
elrne HeoBXOauMO TpoBEpHTh d =1 % .
Ilycrs
f(x) =22° + 52° + 6z + 2.

Ilpn z = % HMeeM:

T R e N

auaunt, f(z): (2z +1):

22 +55%+65+2 ’ 2z +1
2034 22 22422 +2
4z*+6x
4z 4 2
442

4r+42
Hanee, 22 + 22 +2=10;
gy p=-1+v-1=-1%i. (V-1=%i)

Oreer: {—-;-;—1— -1+ i}.
4) 2 4+10234+9=0.

Vimeem:
[x3=—1' [z:ﬁ:-\’/i
=-9’ =Y 9=-¥9.91
VI={1.-1+0 -1)= Y1 (cos0+isin0) =
— cosO +321rk i sino +321rk_

IIpu k=0;1;2 noaygaem:

k=0, zy=cos0+isinl=1;

B o2, . 2 1, V3,
k=1, zl—cos—3+1sm—3ﬂ 2+—2 i
_ _oodr . dr 1 /3.
k=2, z;,—cos3+1sm—3— 5~ p bt
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Taxum obpaszoM,
2 =—1; m2=%—§i;
xs=%+§i; zq=—V9;
x5=ﬁ—¢§"/§1, x5—£+'/§"/§i.
2 2 2 2
Oreet:
_¥g —1; Lo¥3 1 VB,
{-98 -1 - F5 g+ 5
V9

9.5, 35, ¥4,
2 2

5} 10z + 39z% + 492% + 39z + 10=0.
Bro BoasparHOe ypabHenme. Mens ofe HaCTH ypaBHeHus Ha 2,
IOy YHM

100° + 397 + 49+ 32 + B =g
1
103+x2)+39(:8+ )+49 0.

1 ) 1
Oﬁoanatnm:c+g=t,x2+;5=t2-2,mma
t=-1
1008 — 2) + 39t +49=0; 10¢% + 39t +29=0; 2 -
t=_ﬁ
PaccMoTpiM 3TH cAyYaM OTHEILHO.
a) t=—1;x+%=—1;z2+x+1=0;
m=—11:\/_—3=_1ﬂ:s/§1=_%i73l (VTI=1i)
1_
6) T+_=— 10,10::: +29z 4+ 10 =0;
r=—2
—29:kv292 4-10? _ —29+21, 5
Ti12= 3 .
20 g5
2
L2 51 1 V3 1 V3,
Oreer {5, 22, 2 5 1 2+ 21}
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6) f(z)=0, e f(z)=25—8z% 4+ 222% — 262% 4+ 212 — 18.
HspectHo, 9o f(i) = 0. Hafiaure ocTaNbHEIE KODHMU.
Mn yxe 3HaeM, YTO €CJIA YPABHEHME ¢ AeHCTBUTENLHBIMA KO-
dbunpenTaAMU HMEET KOMIJIEKCHBIH KOPeHb &, TO 4HCIO T Takxe
AIBJISIETCS KOPHEM TAKOIO YPABHEHHSL.

IIprMevanue: I1a KOMIIEKCHOTO 9HCIa BHIg 2= a+bi MMeeM
Z=a—bi,pwacTHocTy, mpy a =0 u b=1 monyaem i=—i.

OTciona caenyer, 4T0 MHOTOUIIEH
{g—i)z+i)=2"+1
fBNAeTCA AenuTeneM MHoroweHa f(z). Ilponssenem menenue:

25-8344225° 2622+ 212—18 | 22 + 1
z° + a° |:c3—8z2+21:c—18
—8z142122 2622
—8z! — 8x?
2151827+ 21z
2123 +21z
—18z* —-18
—18z2 —18

O6osaaqam Teneps @(x) =z — 8% + 21z — 18 =10.

CpoBoanslit unen muorodnena ¢(x) Mmeer genurenn d=+1;+2;
+3;1+6,+£9;,L£18.

IMposepns, ybexmaemes, 910 (2} =8 — 32+ 42 — 18 =0, znaqur,

ox)  (z—2):
23 82%+21x—18 ‘ z—2
zi—2z> z? —6z4+9
—6x2 21z
—6z2 412z
9z—18
95-18

Haxonen, nMeem
z*—6z+9=(x—3)*=0; =z=3.
Orser {2 3; i; —i}.
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7} 22=16+8i (pemurs AsyMs cnocobammu}.
Hmeem:

z=vI6+8i=2vVI+ 21 = \/2\/'(

)

» 3HAYMT, gy = %, wo = arctg % . Torma

{ooscpu= ?—)\/5

sin g = %\/5_)

r=2/1+2i= 2\/2\/5(cos(arctg %) +i sin(a:ctg %)),

arctg%+21rk o arctg%+21rk)
2 + isin 2 .

a) Ilpu k=0 nmeen:

Z0=2 2\/5(cos(% arctg %) + isin(% arctg %))-

TaK KK

a _ 14 coszx L [1—cosz
0052-—:|: 5 ) sm2 + — |’

TO INIy4aeM

1+cos(a.rctg l)
1 1y _ 2/,
°°“(2 arctg 2) =\ 2 :

/1 1 1 — cos| arct; %)

sin(g arcte 3) =\ ——5—
YuureBaa dopMyay

cosa =4 ——to s

V1+igia

HAXOOUM
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IToaToMy
1+ %
1 1 _ VB _ [vB5+2
oos(yarctg 5) = {f —5%* = WA
1- 2
(1 1y _ v _ [V5-2
sm(2arctg2)— 7 = Wk
3HavuT,
Z0=2 2J5( ‘/EJ;H ‘/25‘/‘52)=
=2(\/\/§+2+i\/\/5—2).
6) Ipu k=1
' tgl 42 tgl 42
n=2 2\/§(oosmcg;+ 1rJrisinmgg ”)z

=2 2\/5(003(% arct.g% + '.rr) + isin(% a.r(:t.gl +

2
_ VE+2 , . [v/5-2 _
=—2 2\/5(\/2‘/5 +i 2\/5)_

=—2(\/J5+2+ i\/\/ﬁ—z).

)=

Pemenne MONYYHJAOCH AOBOJIBHO CJIOMKHBIM, HOIIpOﬁyEM NPpHMCHHTE

apyrott nomxon.
Ilycts z=2x+yi. Torga

2= (z4+yi)’ =2+ 2oyi + (yi) =2° — y* + 2ayi.
VYpasuenue 22 =16 + 81 npumer Bug
z? — y? + Zzyi = 16 + 81,

DT0 paBeHCTBO BOSMOXKHO TOABLKO [IPH

16
{xz—y==16_ {z’—x—2=16
y=4 ' =4 '
y T
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orxyzs z' — 1652 — 16 =0;

()12 = 8 £ B+ 16 = 8 + 4/5; [m2=8—4v/§ ¢ [0;00)

22 =8+4v5 '
) =\/8+4\/5=2\/s/5+2; o=-2/VE+2
=4 _ 4.
h= 371 e le
2v/v/5—-2

z\/— Vi Az
=2«.N3—2,

-4  __ _
B 42 vE-2

OrBeT: {—2(\/\/5+2+i\/x/g—2);2(\/\/5+2+i\/\/5—2)}.
8) 222-(3—i)z+4—2i=0 (pemmurs ABYMA cnocobamm),

Hmeem:
3—i:|:\/(3—i)2—4-2(4—2i)
A2 = 2.2 =
3-i+/9—-61i+i2—-32+16i _3—1L++/—24+10i
4 - 4 )

Iycts 2’ = +/—24+10i. Toraa
2] = |~ 24+101|_ 243+102_2ﬁ;

T.€. { ::r:=%ﬁ; tgtpg——ﬁ, (p0=?r—arctgl—52. 3Hadnr,
— 24 4 10i =26(oos(1r — arctg 1—52) + isin(':r — arctg %))
V=24 +10i = \/26(cos(1r — arctg 15—2) + isin(ar — arctg 15—2)),

5 5
T — arctg = + 27k T — arctg -5 + 27k
z;=\/26(cos £ 13 isi 12 )

o) + 18In 2
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Tpu k=0
2= V5 (con(§ - arctg ;) + hoin(§ - et 33)) =
= \/_(sm(a arctg E) + lcos(%arctg ﬁ))
'I‘axuaxoos(arctg%)= 1 = 1 =1

, TO
Sirgercey)  Jlg? D

1 l—cos(arctglz) \/1—13 1.
S““(2‘3““"3512) \/ 2 2 V26’
1 5 1+cos(arctg12) \/l—l—ﬁ_ 5
°°3(2‘“°t512) \/ ) 2 V2%
ZHAMAT, 25 = \/_(J—_+1‘/_)=1+5'1.
Ilpu k=1
L] 5
T —arctg=5 + 2% 7w — arctg -= + 2w
z{=\/2_6(cos 512 + isin 312 )=
1 Jr 1 _
= V26(cos( 3 ~ g arctg 13 ) +isin(F ~ Farctg ;) =
1 i) 5
= va5(~ B“’(z arctg 35 ) — i cos( G arctg 13) ) =
=—~/_(‘/_ v,_) ~(1 4 5i).
Hanee, z,2= %ﬂ:z" , TOTOA
5= 3l g (= )
_3-i—-1-5i 1 3.
2= 1 =37 3"

Boamoxker 1 apyrolt cnocod peleHHs.
Ilycts z=x+yi, Torna ypasHenue 22° — (3—1i)z+4—2i =0 npm-
MET BHJ,

20x+9i) -@B-i)z+yi)+4~2i=0;

222 +4oyi + 2421 — Bz + 2i — Byi +yi? +4-2i=0;
(22 -2y —y—-3z+4)+ (dey+2 -3y —2}i=0.
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310 PABEHCTBO BOSMOMCHO TOJMBKO ITPH

2 2 —_
{232—292—9—33"{'4:0 2z —2y’ —y_3$+4—0
H 22—z 3
4 — — = T —
zy+c—3y—2=0 Y 15-3
OTKYAa

2 _of2—2\* 2-2 -

27 -2(2=2) - 2=% 3 +4=0.

Penmm 910 ypasHenue. Mmeen:

22%(4x — 3 —2(2—2)* — (2~ x)(4x - 3) -
—3z(4x — 3 +4(4z - 3)* =0.

B pesyasrare npeofpazoBannl momyIuM
32z* — 962> + 15627 — 126x + 34 = 0.

Jlerko mpoBeprTs, 4T0 £ =1 — KOpeHs YPABREHAN; NOJEMUM YPaB-
Henue Ha (z — 1), nemonb3ya cxemy TopHepa, NOIyYHM YPaBHEHHE

32¢° — 642 + 92z —34=0.

8=

Mozxno yBeauThCH, YTO OHO HMEET PALHOHANLHHE KOpeHb T =
HNocae penenun wa {2z — 1) nonyuum ypaeHeHue

16z% — 24z +34=0.

JHCKPHMHEHAHT 3TOroe ypapHeHHA OTPHLUATENCH, SHAYHT, BEILECTBEH-
HBIX KOPHeff OHO He HMeeT.

=1
r=1, {3‘: !
y=1

3

2
Oreer: {1+ i;% - gl} — MHOXKECTBO BCEX KOpHeit ypaBHeHAS
22— (3-1)z+4—-2i=
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Bapwuwant L

1.

HaitapTe Bece KOpHE 7 -# CTENEHA H3 KOMILJIEKCHOIO YHCIS M H300pasu-
Te MX Ha KOOPJMHATHOH INIOCKOCTH KAK BEPIIMHEL IPABAJILHOTO MHOTO-

YTOJIEHHEA.
1) ¥-4.

Hmeem: —4=4(-1+0- 1) =4(cosw + isin7), noaromy

Y-a= i’/‘l(cos—?r-i-im= \/ﬁ(cos—"’r +42?rk +i sinﬂ—+42ﬂ-k) .

3uauur, R=+2; npn k=0,1,2,3 nonyuaem:
k=0, zo=s/§(cosz+1sm4)-1+1,
k=1, zl—\/_(cos3?r+1sm3?r)= L
4
=-14+1; g o x
k=2 zz=s/§(coss—ﬂ+131 5—“): 0 t
’ 4 4 x
=-1-1i;
— n Ty _ &) %y
k=3, zs—\/_(cos + isin 4)_
=1-1i.
2) Vi.
HAmeem: i=1-(0+1)=cosZ +isin% , mosromy
+21rk T +2xk
\/_—‘“;‘oos +1sm— +1311:|2 5 .

Suauut, R=1; mpu £=0,1,2, 3,4, 5 OOy 4AEM:

k=0, zo—cos12+1sm12,
k=1, z= 00322 + 1sm?"'2r,
k=2, z= 0033T+131n‘.%ﬁ,
k=3, =z =003113—2ﬂ+1sm113;,
k=4, z.,_uoosll'r—;+1sm117—;,
k=5, z= cowai-'r—+1:sm?—‘Jrr

4 4
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3) V-4+44iv3.
Hmeen: —4+4i\/§=8(—% + ‘/gi) =8(coea%1r +isin%"), no-
3TOMY.

Susaut, R=2; npu k=0,1,2 nonxygaem:

k=0, z= 2(00@2;+1sm2‘;)

8 8
k=1, 2z —2(003--9I + 1511:1—;-)
_ _ 147 147
k=2, 22—2( 9 + isin—= 9 )

2. Hpe,uc‘ra.sme JaHHbLIe KOMINJIEKCHEIE YHCTa B NOKA3aTeNABLHON d;)opme H
BbIYTHCTHTE.

1) 21 =24+2i; 22=v3—i. Hmeem:

zl—2+21—2\/_(f \/_)

—2\/_(cosz+1sm )—Zfe‘*

zz=\/§—i=2(§—%i)=

=2 cos% - isin%) =2¢ 1%,

IlpoeeaeM TpebyeMble BHIYHCIEHHS.

8) 21 2 =2V2ei% . 2¢ ¥ —4v2e' T —4/2e' T

6) z:z= 2v2e' % 1 2e71% = /2e/ITE) = \/ﬁei%;

B) 28=(2v2e'T)°=2%¥F";

1) Ym=vV2ei't= \"/’Eelﬁ":ﬂi .pr £=10,1,2,3 uveem:
v (22)e= V2e i

, (221 = V2e¥i;

, ()= V2e ¥,

, (z2)s = V2e~ I,

EIE I
[
W N o= O
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2) 21=1+\/§i; z=+2—/2i.

Hmeem:
- i —ofl ﬁ-)_( T isind)=2e¥;
zl—l+\/§1—2(2+ 21 =2 0053+1sm3 =2e3';
71=2B_§i;

=v’§—\/§i=2("7§—"7§i)=

2

= _r _TV\Y —9a-Ti.

2(003( 4)+1sm( 4))—2e ER
Eg =2B%l.

IIpoeenem TpebyeMbie BBIYUCTIEHAN.
a) z1-z=2e8.2e7 T  =4e3-1 =4eW!;
6) zp:z=(2e7%'):(2eF ) =T = e i,
B) 2i=(2e 1) =21
r) Ym= V25 = \/_ej_ﬂ_ Ilp £ =0,1,2 nmeer:

k=0, ()= \s@e%iE
k=1, {z1h —\s/iezgi'
k=2’ (zl)z ‘/_e ié:]

B Ym=V2e T = Y2e i Tipn k=0,1,2,3 umeem:

k=0, (2)o=v2e B!,
k=1, (z)=+V2e%,

k=2, (2),= V2%,
k=13, (Zz)3=\/_ez?3!i.

&) V- VE= V2o B . V2T = e YRt
— Ixk L
Iycts z’=\“/§e—§‘:_‘, 2= YT Tpn £=0,1,2,3
Oy IASM:
k=0, z,=¥2eTil;
k=1, 2z =2e%;
k=2, z,=vie'¥;
k=3, z,=v2eF.
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Ilpu £=0,1,2 umeem:

t=0, z=V2ef’;
t=1, 2'=V2%Y,
t=2, 2'=V2F0

OcTanock pacCMOTPETE BCEBO3MOMKHBIE IPOASBEICHAA 2, * Z, &

[T

Yo~ VBB = T B = Y,

e -
zzz‘;" = 2e~ T8 2T = W B HEN = 2T N,
22 = V2e~ B Y2 T = YT B = Yore ¥,
#2y = V2e¥ Y2efh! = YareWE+H) = Yool
Zz) = V2eH {2 = YL BN = YT F
22 = V2eT1 §2e' 1 = Yo B = oT

AHMOI'H‘-IHO MOXHO l'IOJ'Iy'-IHTb OCTANBHEE IIIeCTE 3HAYCHHI.
Oanako MOXHO AeHcTBOBATHL HECKONBKO HHAYE. 3aMETHM, YTO

Ma-wi , a¥i —

= WM = WA,

Torna mpu k=10,1,2,...,11 nomyunm
k=0, z'=¥2.¢= Vo,
k=1, 2= V2. ¥,
k=2 27= V2. ¥,
k=3, zi'=V2r.e¥Yy
k=4, 2i"= Y27 ¥,
k=5, 2= Y¥27.e¥,
k=6, 2= V27.¢;
k=17, Z'= W2 ¥
k=8, =z'= 1"’27-6!%”;
k=9, z"=Y¥27.e¥Y
k=10, 20 = ¥27.e¥Y
k=11, 2= Y77.e%

Takoit crnoco BHYHACHCHR] OKASLIEACTCA 3HATHTENLHO MOPOIe.
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Bapuant I

1. Haitoure Bce KopHH n-H CTENEHH W3 KOMILIEKCHOTO YHCHA H TPORJLIIO-
cTpupyfiTe HX HA KOOPAHHATHOH VIOCKCCTH BEPIIHHAMH NPABAJEHONG
MHOTOYT'OILHMKA.

1) ¥—6i= {/6d(cosn T isinm) =2(cos”+2”" +isi %2”") no-
ckoneky —64 =64(—1+0- i) =64(cosw + isinm).
Smaqmr, R=2.1Ipn £=0,1,2,3,4,5 monygyaem:

k=0, z0=2(cos%+ isin%) =2(ﬁ +%i) =v3+1i;

2
k=1, z=2{cosT +isinT) =20+1-1)=25;
_ ik ik _ﬁ 1N _ ..
k=2, z2—2(c036+1sm6) 2( 2 +21)— V3+1i;
k=3, =2(0057;+1sm7—7r =
(-3 _1\\__v/3_i
_2( 5 1)— V3 i;
k=4, z4=2(oos——+1sm——-)—
=20+ i(-1)) = -2§;
k=35, —2(o::osll—"lr + 1sm-1-%-7-5) =
—o(¥B _1\_ 54
—2(2 21)—\/5——1,
+ 27k + 27k
2y ¥-i= cos-—+1sm3—ﬂ-ms—+isin2—, no-
2 2 3 3
CKONBKY -—i=1-(0—1-i)=cos—2—- +1sm3—*.
Saaunt, R=1.Ilpu £=0,1,2 nomygaem:
k=0, zo=cos%+isin%=0+1-i=i;
= ks Ir AY
k=1, 2 =cos +1sm6_ 2, .
__ﬁ_li. 2
2 2" n 0
k=2, z2=cos-1—1-35+isinl£= x
6 6 2 2,
_¥3_1,
2 27
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3) /s 8ivi= {/lﬁ(m(—%) +isin(-2)) =

B yomk  Eiomk
=2 cosT+1sm—T—-—- )

T.K. 8—81\/§=16(% —~i?)—~16(oos 5 +1sm5:;’)

3aaqut, R=2. Ilpn k=0,1,2,3 nony4aem:

k=0, z0_2(oos—+lsm?—g

k=1 z=2 cos%+1sm111—;)
k=2, 22—2( os”—ﬂ+131 IIL;)
k=3, =2 coszle'; +1i sm-213—;)

2. TlpencraBbTe JAHHHEE KOMIUIEKCHBIE YHCIA B [IOKa3aTeasHOl ¢opMe M

BhIYTHCJIHTE.
1) 2,=2-2i; z,=v3+1.
Hmeem:
s =i - J51) =

== —— _11
2\/_( osa.4 isin— ) =2v2e 1

=z 'G'l
z,—2(—+—1 (cos +1sm6) 2e

BeinonunM TpeGyeMEle BEIMHCIICHA,
a) 2z 'Zz=2\/§e‘fi 263 = 4y/Tel-T+H) =44/Fe- B
6) 21 = (2v2e 1) (2e%') = V218 = 2o B
B) = (VI )~ e ¥,
r) \‘/z—z {2e% = w/_e}#‘
Mpu k=0,1,2,3 noxysaem:
0, zp=v2efi’;
1 z;:ﬁelzgf‘i;
2, z= \‘/Eesz‘i;
3, z= V2%l

i

k
k
k
k
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2) zy=1-+/3i; z2=v2+v2i.

Hmeem:
7 =1-+3i =2(% - ?1) =2(oos% — isin-g) =2~ ¥';
2=v2+ V2 =2(% + %1) =2(ooa% + isin%) = 2¢71,

TIpoeenem TpebyeMuie BhIMHCIEHASN.
a) z:22=(2e7F"): (2e¥) =¥ = e~ T,
6) N = 29'&1 . 23i'i =4e("§'+§)i = 43""1!2'i 3
B) zi=(2e%) =16e"¥";
42wk
r) ¥z= V2l =¥2e T !, Mpu k=0,1,2 nonyumm:
k=0, z,= V2efi;
k=1, z =V2e%,
k=2

=2, z=V2"
- wk
. Ya=+v 2e-%‘={‘/§e—"‘%’2—‘.npn k=0,1,2,3 nomyanm:
k=0, z)=v2e Tl
k=1, z=V2e%!;
k=2, z,=v2eT;
k=3, z;:é”iellz?gi.
e) ¥zi- ¥z
Haxomm
%, = =gl V3 _
z1—1+\/§1—2(2+ 9 1)—

= 2(00&1E +i sing-) =2e¥1;

- K tginl —=FY) =926 Fi
2(cos( 4) + 1sm( 4)) 2e .
CnenoBaTensno,
wk |
Yz =V 2e'§i=\‘y§ej$"'; k=0;1;2;3;
Vo=V 2e‘%’=\7§ej€ﬂ‘; t=0;1;2
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Kombunnpya 3HadeHAA & B T BCeMH BO3MOMKHBIMH CIIoCoBaMu,
noxyuuam 12 kopHeil. OJHAKO 3TOT My Th TEXHWYECKH JOCTRATOIHG
caoxed. MoxHo neficrBoBAaTE HECKONMLKCO HHaue, uTO OBICTpEe
[IPHBOOAT K LEJIH.
Moxem sanacars

V5 VE= YE@rE) = §(2e8) 2e1) -
Wosgrigieg—xi — N QTemi-nl

= W2 = WU = YTe T,

Orciona upa k=0,1,...,11 moay4um:

k=0, z= V27

k=1, 2= ¥2Tedl;
k=2, 2= ¥27edl;
k=3, 2= V2refy
k=4, 2,= ¥27e¥i,
k=5, z,= V2Te¥
k=6, z= Vel
k=7, z=%¥2e¥;
k=8, zi=¥27e¥i;
k=9, z,= ¥2Te¥!;

0, zio= V2Te¥,
4 VTt

il
-
[

-
-
t
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Pewenue mpenuposowroii pabomusi 6

Bapmant L
1. Pemmre ypasnenwe 22 +2z7+1=0.
Tak KaKk z=x+yi, Z=2z—yi, z,p €R, To ypaBHeHHe NDUHIMAET BH,
(z+yiV¥+2(x—yi)+1=0
? + 2zyi + i+ 22— i+ 1=0;
(@ -y +2z+1)+2(zy—y)i=0.
PagencTBO BOZMOIKHO TOJNLKO eC/IH
{x“—y2+2:c+1=0_ {(z+1)2—y2=0

2(zy —y)=0 yz—1)=0
) y=0 Jy=0
Y Ye+1? =0 Jz=-1"
3HAYNT, 2; = —1.
z=1
6) z=1 ) r=1 ) 9
(+1)7—g?=0" |y2=22" ) [¥T°
y=-2

OTKYOa 2;=1+4+21, z3=1—2i.
Oreem {-1;1-2i;1+2i}.
2. f(z)=0,ne f(x) =4z — 242" + 5727 + 18z — 45.

Hzpectro, 910 f(3+ 1\/6) = (. HaitauTe oCTANBERE KOPHH.
Tak Kak JAaHO YpABHEHHE ¢ AeHCTBHTEJbLHBIME KoXpdHIMeHTAMH, TO
€C/TH OfMH U3 KODHel — KOMIJIEKCHOe Yueno z; = 3+ 1v/6, 1o conps-
MH(eHHOE eMy 4aCN0 T; = 3 — iv/6 Taxke ecTs Kopens.
Toraa no TeopeMe, obpatHo#i Teopeme Buerta, cucrema

2 +2,=83+1V6+3—-iv6=6=—p

5z, =B+ iVE)(3-ivVE)=9+6=15=¢

nopoxager ypaesense z° — 6z + 15 =0, 3navur, f{z): (2 — 62 +15):
4x*— 24234+ 5722 +182—45 | 22 — 6z + 15
4zt 24z +60z° 42 -3
— 3x%418x—45
— 3x°+18x—45
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V3
2
anee, 422 -3 =0; ;
8 V3

OTBeT: { 2,2, 1\/_3+1\/_}

3. Borumcanre 2%, ecmm 2+ 22=3—1i
Ilyete z=z +yi, Torga Z=g — yi B ypaRHEHAE NPHMET BAJ
s+yi+2z—yi)=3-1,
r+2z+yi—29i+i-3=0,
3z - 1)+ (—y+1}i=0

z=1
SHEMHT, { L T.e. z=1+1i.IIpegcraBnM 3TC YNCJAO B TPHIOHOMET-
‘y =

pudeckoil gopme:

z=1+i=\f(\/_ \/_) v2(cos(Z) +isin(Z)).

Torma
2% = (\/E(OOBE +i Siﬂ%))s =

=2 (oosF) + isin) =8(cos + sin) =
=8(0—i)=-8i.
4. Ha#izmre ypasrenue Kpusoi, Ana xoropolt |2+ 1+ 1| = [z — 1+ 2i|.
ITycts z=x + yi, Torga
le+yi+14+ 1=z +yi—1+2i;
[z + 1)+ (¥ + Di| =|(x - 1) + (¥ + 2)i;
VEFIF+GF P =VE— 17+ G+ 2%
Ipeofpazyd, momyanm
E+1)’+y+1)°=(@—1)"+ (¥ +2)
@+1) - (-1 =(+2)" - (v +1)";
(z+1+z-Dz+1-z+D=(w+2+y+1)(y+2-y-1);
=(2y+3)-1;
2y =4z -3,

wm y =2z — 1,5, T e. ypasHen#Ee OpaMoif.
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5!
pAOmEX HepaBeHeTBy |z + 1+ 2i) 1.
Iyets z=x + yi. Hueerm:

z2+142i=2x4+yi+14+2i=
=(z+1) + (y + 2)i.

HepeareHncTBO OpMHNMAET BUL

Vie+ 12+ (y+22 <1,
(+1)*+(¥+2)°<1

D70 ypasuenne Kpyra paguyca R=1 c nen-
TpoM B TouKe ({—1;—2).

6. Halimure z, ecan
{ 2| = 0,5/3|

|arg z — argb| =
roe b=-2-2iv3.
Mueen: b= 4/(—2)2
HaxomM |z|

b=4(_—2—
3

4
OTKYZA
singy = —=-

W3 pToporo ypaBEeHUsA CHCTEMBI HAXOIHM

T
6

) =a(-3- )
cosipy = —3

:\:S““

T, ar
)z, nTE T
LCEEEY _m  4x
=—gt 73
CnenosaTensHo, permendti Ba:
TnY _g(_¥3_1
21—2(008 +1sm6) 2( 2 21

3 3

y T- €. tg(po—\/g, Yo =

SairrpaxyfiTe Ha IVIOCKOCTH MEOKECTEQ BCEX TOYEK KPUBOH YAOBIETBO-

) =—3-i

= 2(006— + 1sm——-) =2(0+i)=-2i

2

2 1 AV
0 x

------- -1

/-2

-3

+ (—2+/3)2 =/ 4+ 12=4. Us neproro ypasxenns
=05-4=2, r.e. z=2(cos¢, + ising, ). danee,
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|z — 6| =5
lz+2i|=5 "

{./mm@, {(x—e.) =5 {l .
F+y+r2r=5 |@2+@+2?=25 |[2)
22— 12243649y — 2% — ¢y —dy—4=5—25;

~12¢ — dy + 32 = —20;

7. Haiiagure o6nacts mamenenns |z — 6+ 2i|, econ {

-3z —y+8=-5;

y=-3x+13;

y=-3z+13  [y=-3z+13 _
{z”+(y+2)2=25‘ {x“+(—3x+15)3=25’

z? + 9z — 90z + 225 = 25;
1022 — 90z + 200 = 0;

-9z +20=0;
=5, y=-2 z=5-2i
z=4, y=1 =441

a) z=5-2i; [5-2i—-642i|=|-1=1;
B) z=4+1i;|44+1i-64+2i|=]|-2+3i|]=v13.
B()z -8+ 2i)={1;v13}.
8. llpm kakux ¢ € R xopreM ypaseenNs
z* —{a+3)r* +6a’zr +a’~5=0
8
(V2(sin & +icos 3X))°
KODHH,
Bripaxenue sin — + icos % He SBJIAETCA TPUroGHOMeTpUtiecKol dop-
Myzoft KOMIU'IGKCHOI‘O YHCas, HaliaeM ero Tpnmuomerpnqecxyro dbopmy:

3m 37 _ (T (z-m)-
311:120 + 1cos20 8111(2 20) + icos )
o 7T

—00820 -|-lSlIl20

Teneps MOKHO NPAMEHNTE TeopeMy Myagspa:
(\/_(sul— +i cos—)) (\/_(cos +i sm%))s =

= 4\/_(003— +i st—ﬂ)

HBIAETCH HACIO ) =

7 Ha#inuTe ocTanbibie
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Mb1 noay4aeM
T s T
. 8 \/Q(cosT — isinF
1 = » * = 7 i 7
4\/5(00377” +i sm%’r) cos? <L 4 sin’

=~/§(§+§i)=1+i.

Tak Kak mo yenoemio ¢ €R, o &) =1 — 1 =2, Taike Oyder KopHeM
YPapBHEHHS.

2 +2y=2
Tlockoabky trT g o TepeMe, 00paTHolt Teopeme Breta, ypap-
r1¥z =

Herue z° — 2r+ 2 =( HMeeT KOPHH Z; H Iy. JHAYHT, YDABHEHHE
2~ (6+3)2° +6a’z+a®*~5=0
JOJPKHO ANUTHCA Ha MHorowen (z° — 2z + 2) Des ocrarka:
*—~(a + 3)z*+ 6a’z+(a® — 5) | 2® — 22 + 2
- 2+ 2z z—(a+1)
—(a+ 1)z°+(6a® — 2)z+(a® — 5)

—(a+1)z*+ 2(a+1)x—2(a+1)
(6e* — 2a — 4)a+ (a2 + 22 — 3)

Yrobbl ocTaToK BB paBeH HYIIO NPH 00X £, HeOGXOmUMO, TTODEL

6a’—22a—-4=0_ [2(a-1)8a+2)=0
a®+2a-3=0" |(e+3(e-1)=0 ~

orkyma e=1. Torma £ =a + 1 — Tpernil KOpeHL YDABHEHAS.
[Ipumeganne. Moxkno6rno cpasy noncraburs ;=141 B ypaBHe-
HME H TIJIY4YHTh, ¥TO T SIBJISETCH KOPHeM Toabko npu ¢ =1. Ho Torza
cnoxHee Oyner HaliTH ocTaneEHEE KOpHE. Brnpodewm, aTo geno Bxyca.
OTeT: npu a=1 ypabueme z° — (2+ 3)z? +6a°z +a? —5=0 umeer
KOPHH

8
(\/Q(sing—g + icosg—g)]s

T = =14+i, 2p=1-—1i, #2=2.
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BapuanT IL

1. Pemmwre ypasnenne 22 — 2(z+ %) +4=0.
TMycete 2=z +yi, Toraa Z=x— yi. [logcTapisda b ypaBHeHHRe, OOIY4AM

(@+yi) -2z +yl +z—yi)+4=0;
¥ +2zyi + 3yt —4dx +4=0;
(@ —y* — 4z +4) + 2xyi = 0.

PapeHCTBO BOZMOMKHO, TOJBKO KOTAA

Pyt — 4z +4=0
20y =0 '

P&CCMUI’DHM BO3MOKHBIE CIIYYaM;

y=0 Jy=0
2 \@-27=0' {z=2'

3HA9HAT, 2; = 2.

z=0
xz=0
6) {2 H l:y=2 3
¥ =4
y=-2
IHAMMT, 23 = 2i, z3 =—-2i.

Oreer: {2;—2i;2i} — MHOXecTBO BeeX KopHEN ypaBHeHMUS
2 -202+2)+4=0.
2. f(r)=0,tne f(z)=4s* — 242" + 6372 — 18z + 45,
nputem (3 — 1v/6) = 0. Hafimre ocTANRHEE KOPHH.
[TockoabKy DaHO ypaBHEHHe ¢ AefiCTBHTENBHEMA KO3dwhulneaTamu, ec-
JIM OAMH U3 KOPHell — KOMINEeKCcHoe Yuchao ), = 3 — iv/6, To conpsxen-
HOE 9MCHO & =T, =3 + iv/6 Takxe ecTh KOpEHb,
X, +axz=06

ITo Teopeme, obpaTHOM Teopeme Buera, cucrema 15 HOpOHK-
I1Tp =

JaeT ypaBHenme ' — 6x 4+ 15 =10, sHaunt, f(z): (2% — 62+ 15):
4z 2457+ 63c° - 18x+45 | * — 6z + 15
4z* ~242%+602° 4% + 3
3z°—18z+45
3z —18z+45
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V3
)

I =

! V3

Tr=-

L ]

Hanee 42 +3=0; z*=—

3;
3i'
2
Orpe {—1\/_ 3+ iv3; —£1, ~‘é—-§1}
3. Buuuncante 2°, ecsm 3z—z—4+81
Mycte 2= +yi, Torma Z=7 — yi ¥ ypaBHenue NPUMET BUZ,
e+yi)—z+yi=4+8i;
(27 — 4) + (4y - 8)i =0,

=2
OTKYAa {:c . Tarkmm obpazom,

_2+21—2f(f ,/‘)

= 2\/5(0051 + lst)'

3Ha4uT,
5
5 _ Ty ieinX =
z _(2\/§ cosy +1sm4))
= 9% {cos2T 57y =
2 (cos +13m4)
=-27(1+1)=~128 — 128i.
4. Haitaure ypasEeHIe Kpupoft, ansa xoTopoft
|z +2—2i| =z —1-3il.

Ilycts 2=z +yi, Torna mMeem
lz+yi+2-2i|=|c+yi—1-3i|;
|2+ 2} + (v — 21| =[x — 1)+ (¥ — 3)i[;
ViE+22+y-2P = -10+ (¥ -3)%
(z+2+ -2 =(z-1)" +{y-3)%
(z+2) - (e -1)'=(y-3)"-(y-2)%

(z+2+z2—-1)z+2—2+)=(y—3+y—2)(y—-3-y+2);

(2z2-1)-3=02y-5)-(-1),

Te 2y—5=—-6xr+3; 2y=—6z+8; y=—-3z+4.
DT0 ypaBHeHHe MpAMOH.
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5. 3amTpExylTe HA KOMIDIEKCHON ILIOCKOCTH MHOMKECTBO TOYEK, YIOBJIE-
TBODAIOIIHX HEPABCHCTBY

|z—2+2i| 23
Nycers 2 =2+ yi, Torma

z—242i=c+yi—24+2i={z-2)+(y+2)i;
2= 2+2i| =|(z - 2)+ (y + 2)i| = A
Ve TG

{

wY

HepaBeHECTBO NIPAEAMAET BUJ

<
AN

\

1
(x-2)*+({y+2)° -
H, CTeNOBATENLHO, ONPEIENAeT KPYT paaH- -5>/\:4
yca R=3 c nenrpom Touke (}(2; -2).

6. Haiigere 2z, ecan

2| = 2/d|
largd — arg z| = % !

e d=+v3-1i.
Hmeenm:
d=v3-i= (——5) ( llﬂ+1mn%).

Cnegosarensno, |2| =2|d|=4 n argd= T" .
Wz neproro ypaBEEHAA CAEAYET, 9TO

z=4(cospy + isineg,), rae argz =y, € [0;2m).

Bropoe ypasueHue faer |argd — argz| = -1—1-"T- - rpo| ==
lir = _ 3%
[SOU 6 3 . [pﬂ - 2
11w 131r
Po= g~ +2 3 ¢ [0;2n )

3HAUNT, CYMECTBYET TONLKO OQHO YHCHO, YAOBJACTBOPAIOIEE YCAOBHAM
3aJa4H, & UMEHHO

z —4(-::0513—1rr +lsm3

’ 2) 4(0 - i) = —4i.
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|z + 10| = V65,
7. Hattnure obaacTh uaMenenHa Imz, ecou
{ |z - 21! = '\/ﬁ

[Iycts 2 ==z + iy. Torma cHcTeMa NpHEKMMaET BHT
(+107+4*=65 [« +20z+100+3°=65 [[1]-[2]
o+ (y-272=13 " |+ -4y+4=13 ' @ ’
20z+4y+96=52 |y=-11-5z )
4+ (y-272=13 " |z +(-5z-13)2=13’

z® + 252° + 130z + 169 =13;
26z* + 130z + 156 = 0;
24+ Br+6=0;

r=-2, y=—1. ZHn==2-1
r=-3, y=4 ’ za=—34+4i
Taxnum obpasom, E(Imz) = {-1;4}.
8. Ilpu kakex b€ R KopHeM ypaBHEHHES
2 — (b+6)2* + 80%2 4+ 95+ b =0

32 .
0,25(\’/5( cos &L u” + isin Lz ))27

12
Ha#inpre ocTansHee KODHH.
Haitnem TpHrOHOMETPHIECKYIO cbopuy qHCAA — €08 =5 111r + igin 117 .

SARJIHETCH 9HCHO Ty =

12
11 mr _ 111r
—cosﬁ+ smﬁ coa(m — )+ sin{m — T2
—cosﬁ+1sm12
Hanee,
27 27 27
(V2(cosfy +ising3)) ‘2“("‘”12""3‘“12) =
=93 (00s2TT + i ginZTT) = % 4 1 sinf) =
2 (cos 12 + igin 12) 16\/5(0034 +1sm4
_ 32 __8 _8a-i) . ..
T T R Rl A B

TlockoauKy ypaBHEHHE HMeeT Oetic TBUTeNbHLIE Koad«bruenTH, To BMe-
CTe ¢ £, KOpHeM SyNeT Tak#e CONPIKEHHOe YHCA0 &y =T =4 + 4i.
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1+ T2=8
Tax xak § , 70 T2 — 8z 4+ 32 =10 EMeeT KOpPHE T; H Zy.
I1I2=32

3HAuNT, HCXONHOE YPABHEHHe NOJIKHO JeNuThea Ha z* — 8z + 32 Ges
OCTBTKA:

2 —(b + 6)z’+ 8bz+ (b* +95) | z° — 8z + 32
- 8z’ + 32z z—(b-2)
—(b— 2)2?+8(62 — d)z+ (B + 95)

—(b—2)z*+ 8(b — 2)z—32(b—2)
8(5% — b — 2)a+(b* + 32b + 31)

YUtobm ocTATOK GBI paBeH HYJO, HeoOXOONMO, YTOOR!

¥-5-2=0  [(@-2)(+1=0
¥ +32e4+31=0" | (b+1)(b+31)=0"

oTKyga b= -1, £=0—2=—3 — Tperuil KOpeHb YPABHEHHA.
Orser: npm b= —1 ypasnenne x> — (b+6)z’ + 86°z + 95+ 2 =0
HMEET KOPHH

_ 32
e . r . . Lw Y\

0,25(¥/2( - cosX + i siniiz))

Xa =4+4i,
T3 = -3

T =4 4i,
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nepe,u, Bamu cepuda KHUI npakTn4eckn no Bcem pasgenam
LWKONBHOIo Kypca matemMaTtuku.

Mo cywecTey 3T0 SHUMKAONEAUS PA3NNYHBLIX METOAOB pelUueHus
3a4ay, KOTOpbIe 4alle BCEero BCTPeUYaloTcsa HernocpeacTBeHHo
B LUKONIbHOM KYpCe.

970 NpekpacHbIe CaMOY4UTENMN, KOTOPBLIE NO3BONAT YHEHMKAM

n aGMTVDMeHTaM 6es penetTutTopa noaroToBUTHLCH K 3Kk3amMeHam.

EcTecTBeHHas noruka nocTpoeHus marepuana «oT npocToro

K CNOXHOMY» MNO3BOANT YYUTESIO NCTMIONBE30BATL 3T KHUIK

ons andpepeHumpoBaHHon padboTel € yHEHUKaAMK PasnnyHoro
YPOBHS MOArOTOBKW.

XKenatenbHo, 41006l paboTta ¢ maTepuanamMmu 3To cepum KHUK
HauynHanachk yxe c 7, 8 knacca n 6bina NnoCTOAHHON
1 NNaHoMEepHOoW, Toraa oHa gact Hanbonbluin apopexT.

B.TI. 3us.

KOMMNEKCHBIE YUCJIA

A. X. laxmencrep





